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This problem set can be submitted as a joint project by groups of up

to three students each. The preferred way to submit the problem set is

by a single email message - to which all the graphs and other files are at-

tached. Graphs should be in Postscript or PDF format. The submission

should include a document explaing exactly what was done, what were all

the parameters of each simulations, what were the results and how you inter-

pret them. Please also include the codes themselves, in a text file. I strongly

recommend using graphic programs such as xmgrace, gnuplot, origin, etc.,

to plot the graphs.

This is the first in four problem sets that will be given in the course.

Some of these sets will involve writing codes and simulations and other sets

will be theoretical. To get credit in this course, submission of all four sets

is required. Each of the four problem sets has a weight of 10 % in the final

grade and the final exam has a weight of 60 %.

Problem set number 1

The two dimensional (2D) Ising model on a square lattice is described by

the Hamiltonian

H = −J
∑
〈ij〉

sisj −B
∑

i

si, (1)

where si can take the values ±1 and the sum is over pairs of nearest neighbor

sites. Here we consider the case of zero external magnetic field, namely

B = 0, and the boundary conditions are periodic in both the x and y axes.

The linear size of the lattice is L, so it includes N = L2 spins. For this

model the critical temperature, in the infinite system limit is known exactly:

kBTc = 2J/ln(1 +
√

2).
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1. For small systems, for example for L = 5, calculate the magnetization

per spin and the magnetic susceptibility per spin directly from the partition

function, using a suitable weighted average over all the 2N states of the

system. Plot the results for the magnetization and the magnetic susceptibility

as a function of temperature, in the range 0 < kBTc < 5J .

2. Use the Metropolis algorithm to simulate the two dimensional Ising model

under equilibrium conditions at several values of the temperature above and

below Tc. On a typical desktop computer, using C, C++ or Fortran, you

should be able to handle systems of sizes of at least L = 50 and even L = 100.

Note that Matlab is extremely inefficient in this kind of simulations. Plot

the magnetization as a function of time (measured in Monte Carlo sweeps of

the lattice). Try to evaluate the correlation time, τ for several temperatures.

After the system equilibrated, collect sufficient statistics, calculate the mag-

netization and the magnetic susceptibility and plot them as a function of T .

As the temperature gets closer to Tc, τ quickly increases as a function of the

system size and the simulation becomes infeasible.

3. Use Wolff algorithm to simulate the two dimensional Ising model at a

range of temperatures near the critical temperatue Tc. Try to evaluate the

correlation time, τ for the same system sizes you used in item no. 2. Calculate

the magnetization and magnetic susceptibility.

4. Use a graphic program to view dynamically the configurations of spins on

the lattice. It can be done while the program runs or by keeping files with

the snapshots in a file and feeding them later to the graphic program. Such

programs are included in Matlab and Mathematica. It can probably be done

also in gnuplot (http://www.gnuplot.info/). Another graphic program that

you may possibly find useful is called DynamicLattice, in a package called

LasspTools (http://www.lassp.cornell.edu/LASSPTools/LASSPTools.html).

In particular it is useful to view these movies as the temperature approaches

Tc - the clusters grow. In the Metropolis simulation the dynamics is very

slow, while in the Wolff simulations large clusters flip at once.

5. By plotting the magnetic susceptibility or specific heat vs. T near Tc

you can identify the effective value of Tc(L) for the given system size - this
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is simply the temperature where χ(T ) or C(T ) reach their maximum. Re-

peating this for several system sizes such as L = 8, 16, 32, 64, . . ., you can

plot Tc(L) and try to extrapolate it. Knowing Tc(L) will be useful for the

calculation of the critical exponent β. This is done by calculating the mag-

netization per spin m(T ) for system size L below Tc(L), and then fitting it

to m ∼ (Tc(L) − T )β on a log-log scale. The fit on log-log is simply linear

regression, using the fact that Tc(L) is known.

Good Luck!!
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