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ABSTRACT
Cosmic Ray diffusion models lacking nearby sources require a smaller halo and smaller diffusion coefficient

in order to fit the average grammage inferred from ratios between secondary to primary cosmic rays as well as
the 10Be/9Be which “dates” the cosmic rays. We show here that models with such modified parameters lead
to a notably smaller anisotropy, releasing the tension between standard predictions and observations. For the
lower diffusion coefficient, the “knee” at a few PeV is then unavoidably explained as the energy for which the
Larmor radius is equal to the mean free path, because of which the ISM diffusion coefficient will increase fast
above this energy (for protons). This would imply that the knee is a propagation effect and the main cosmic
ray acceleration site (presumably supernova remnants) should in principle be able to accelerate up to higher
energies. The smaller scales also imply that fewer sources contribute to the cosmic ray density at any given
energy, giving rise to large fluctuations which can explain the anisotropy behavior above 10 TeV. Although the
energy dependent composition is similar to the behavior expected in standard models, here one predicts a larger
anisotropy for lighter elements at a given energy above the knee.
Subject headings: cosmic rays — anisotropy — knee

1. INTRODUCTION

Cosmic ray (CR) theories and their model parameters are
often tightly constrained by a range of observations, in par-
ticular, by the measurement of the formation of secondary
particles as the CRs propagate in the galactic disk and in-
teract with the interstellar medium. Roughly speaking, the
10Be fraction measurements provide a handle to the typical
age of CRs, around 107yr. Then, in order not to overproduce
the amount of stable secondary isotopes over this typical time
scale, one should let the CRs diffuse out of the galactic plane,
where the density is low and secondary CR production is in-
hibited. Namely, a typical CR diffusion halo of 1 to 4 kpc
is often required. The large halo size and fixed time scale
imply that the diffusion coefficient should typically be a few
1028 cm2 s−1 at a few GeV/nuc. (e.g., Strong et al. 2007). In
other words, the diffusion coefficient, halo size, CR age and
secondary to primary ratio are intimately related.

The relatively large value of the halo size implies that “tan-
gled” magnetic fields should exist up to distances above the
galactic plane which are much larger than most gaseous com-
ponents of the ISM, which only extend however up to a few
100 pc (e.g., Ferrière 2001). The required diffusion coeffi-
cient is also somewhat higher than can be expected from the
typical turbulent characteristics of the ISM, which should give
rise to a diffusion coefficient of typically a few 1027 cm2 s−1

at GeV/nuc. (e.g., Strong et al. 2007), i.e., about an order of
magnitude smaller. This smaller diffusion coefficient would
require a smaller halo, but it would typically overproduce sec-
ondaries in standard models.

One tacit assumption in these models that bares conse-
quences on the halo size and diffusion coefficient, how-
ever, is that the CR sources are relatively evenly distributed
(Moskalenko & Strong 1998; Strong & Moskalenko 1998)—
they have an azimuthally symmetric distribution around the
galaxy and the local distribution is smooth as well. There are

several theoretical and empirical reasons to doubt this. To be-
gin with, most star formation in spiral armed galaxies takes
place in the vicinity of spiral arms. Since core collapse SNe
are the dominant type in such galaxies, most supernova rem-
nants and presumably CR acceleration should therefore take
place in the vicinity of arms (Shaviv 2003). And indeed, ra-
dio detected SNRs in spiral galaxies appear to have a clear
concentration towards the arms (Lacey & Duric 2001).

It should therefore come with no surprise that the exposure
ages of meteorites point to a variable cosmic ray flux (CRF).
Comparison between different types of exposure ages demon-
strates that the CRF over the past several million years has
been higher by about 30% than the average flux over the past
billion years (Lavielle et al. 1999), while the clustering of
exposure ages is consistent with a periodically variable CRF
which would naturally arise from periodic spiral arm passages
(Shaviv 2002, 2003).

Besides giving rise to a time dependent CRF, the main dif-
ference between homogeneous models and those which con-
sider the spiral arm source distribution is the path length dis-
tribution (PLD). The former tends to have a PLD distribution
which closely resembles the inherent exponential PLD of the
leaky box model (Berezinskii et al. 1990). The latter, on the
other hand, has a PLD which is missing the short paths, giv-
ing rise to several interesting ramifications (Benyamin et al.
2014).

The first is implications to the halo size. Given the 10Be
constraint on the CR age, the amount of secondaries produced
corresponds to some average ISM density with which the CRs
interact. However, the CRs having short path lengths present
in standard models tend to produce more secondaries as they
cannot stray away from the galactic plane where the density
is high, such that a given halo size produces more secondaries
than it would without the short path length CRs. The ob-
served amount of secondaries therefore requires a halo size
of a few kpc. Together with the constrained age, a typical dif-
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fusion coefficient of a few 1028 cm2 s−1 is then required. On
the other hand, models having a paucity of short paths do not
require smaller halos to produce the same amount of secon-
daries. In fact, the observed production of secondaries is re-
produced with a halo of only a few hundred pc and a diffusion
coefficient of typically 1027 cm2 s−1 (Benyamin et al. 2014).
The smaller halo and diffusion coefficient are also closer to
the expectations from naive diffusion models. In particular,
the main components of the turbulent ISM governing the CR
diffusion are concentrated to within about 100 pc from the
plane (e.g., Kim et al. 2013). It would also explain why indi-
rect inference of the cosmic ray density point to a small halo
as well (Shaviv et al. 2014)1.

The PLD of the spiral armed model has additional rami-
fications. Since higher energy CRs diffuse out of the galaxy
faster, they have a lower probability of producing secondaries,
which is why the secondary to primary ratio should decrease
with energy. However, the PAMELA satellite detected a clear
rise in the supposedly secondary positrons to primary elec-
tron ratio above 10 GeV (Adriani 2009). Although there are
many explanations in the literature, it was shown that having
the CR sources concentrated in the spiral arms naturally re-
produces the rise without any free parameters (Shaviv et al.
2009). This is because the paucity of short path lengths im-
plies that primary energetic electrons cool before reaching the
solar system, while secondary positrons can form in the so-
lar vicinity. The different PLD also explains the production
of heavy secondaries relative to the production of light ones
Benyamin et al. (2016).

Seemingly unrelated are additional aspects of cosmic rays
at higher energies, the most notable of which is the “knee”
at ∼ 3 × 1015eV. At this energy, there is a steepening of the
cosmic ray spectrum and a progressive change from a compo-
sition which is primarily that of protons to primarily Iron. The
knee is generally explained as the maximal energy to which
CRs can be accelerated by SNRs. Since a given magnetic field
and source size can accelerate to energies ofE ∼ ZeBR, also
known as the Hillas criterion (Hillas 1984), one expects that
higher Z species will be accelerated to higher energies by the
same sources, up to energies which are a factor of Z higher.
In addition, since CRs arriving at the solar system come from
a number of sources, one of the interesting aspects that the
standard explanation for the knee should satisfy is that differ-
ent sources should have roughly the same maximal energy or
else the associated “knee” would be smeared, or alternatively,
be dominated by one source (Erlykin & Wolfendale 1997).

The second important aspect of cosmic ray measurements
at energies below the knee is their detectable anisotropy. Mea-
surements reveal a non-monotonic behavior of the anisotropy,
ranging between 10−4 to 10−3 over the 100 GeV to 300 TeV
range (e.g. Aartsen et al. 2013; Abbasi et al. 2012; Abdo
et al. 2009; Aglietta et al. 2009, 1996; Amenomori et al.
2005; Antoni et al. 2004; Gerhardy & Clay 1983; Kifune

et al. 1986, and see fig. 1 as well). An anisotropy is ex-
pected if there is a gradient in the cosmic ray distribution
(e.g., Ginzburg & Syrovatskii 1964), effects related to the lo-
cal magnetic field (e.g., Mertsch & Funk 2015), and also a
contribution from a motion of the solar system relative to the

1 Given the smaller scale it is probably not appropriate to call the CR
diffusion regions a “halo” at all, though we will adhere to the terminology.
Moreover, the small halo does not preclude the existence of a larger more ten-
uous halo provided that its CR “optical depth” does not dominate the smaller
diffusion region.

local standard of rest (Compton & Getting 1935).
We show in the present work that the smaller halo and dif-

fusion coefficients are also consistent with additional aspects
pertaining to higher energy cosmic rays. In §2 we show that in
a model having a smaller diffusion coefficient together with a
Kolmogorov structure spectrum arising from turbulence, one
expects the Larmor radius to be comparable to the diffusion
mean free path at the observed cosmic ray knee. We also show
that the same parameters recover the observed behavior of the
anisotropy. This is done analytically in §3, and numerically in
§4. We end with a discussion in §5.

2. THE KNEE IN INHOMOGENEOUS MODELS WITH SMALLER
HALO AND D

As mentioned above, inhomogeneous models require a halo
of only a few hundred pc, and a diffusion coefficient which is
typically one order of magnitude smaller than standard “ho-
mogeneous” models. The smaller diffusion coefficient, and in
particular, the smaller mean free path associated with it, has a
very interesting implication.

Standard cosmic ray diffusion model generally predict that
the power-law behavior of the diffusion coefficient will in-
crease at the energy for which the mean free path is compara-
ble to the Larmor radius. For a diffusion in an ISM described
with a Kolmogorov spectrum one expects the diffusion co-
efficient to go as D ∝ (E/Z)1/3 below the aforementioned
transition energy Etrans, while it should behave as D ∝ E2

above (Aloisio & Berezinsky 2004; Parizot 2004).
By comparing the Larmor gyration radius rl = E/ZeB to

the mean free path ` = 3D(E)/c, we find

Etrans=6.25× 1011eV 625
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where we have assumed a diffusion law of the form D =
D0 (E/Z GeV)

p, and p = 1/3 for the second expression, as
would be expected for a Kolmogorov turbulence.

Clearly, models with small halos and diffusion coefficients
give rise to a knee-like power law break at a few PeV, as is
observed. But this also requires the diffusion index to be 1/3.
Any larger value will push the knee to higher energies.

Another interesting feature is that the power law breaks
for species with higher Z’s, is at progressively higher en-
ergies. Similar behavior is predicted in the standard expla-
nation for the knee, that it is the highest typical energy to
which the galactic CR accelerators can accelerate. Hillas’ cri-
terion (Hillas 1984) gives that the maximal energy is Emax =
ZeBR. Namely, the knee in both type of models increase
linearly with Z. This is not surprising given since all length
scales in the two problems depend on E/Z only, nor that it
has been experimentally observed (Apel et al. 2011). How-
ever, as we discuss below, there will be a difference in the
composition dependent anisotropy.
3. ANISOTROPY IN INHOMOGENEOUS MODELS WITH SMALLER

HALO AND D

The naive expectation of having a smaller halo size is a
higher anisotropy, however, the smaller halo size requires also
a smaller diffusion coefficient, which more than compensates.
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The anisotropy from a gradient in the number density of
cosmic rays is expected to be (e.g., Ginzburg & Syrovatskii
1964)

A ≡ φmax − φmin

φmax + φmin
=

3D

c

∇n
n
≈ `

h
, (2)

where ` = 3D/c is the effective mean free path of the diffu-
sion process, and also consider that the typical length scale of
the gradient is h, the halo size.

To further constrain the anisotropy, we need to relate the
mean free path or equivalently the diffusion coefficient, with
the halo size. This can be done by considering that the
diffusion time scale is empirically constrained to be about
τGeV ∼ 107 yr at 1 GeV using 10Be measurements (e.g.,
Strong et al. 2007). Since

τ(E) ∼ h2

3D(E)
(3)

one then finds that for a 1/3 power law index, the anisotropy
comes out to be

A ∼ h

τ(E)c
∼ 10−3 h

300pc

(
E

TeV

)1/3

. (4)

Thus, for a fixed CR age, the size of the anisotropy scales as
the halo size. A smaller halo gives an anisotropy which is
consistent with the observations (see fig. 1).

In models which have an inhomogeneous source distribu-
tion, the distance to the nearest spiral arm is an additional
distance scale playing a role, and it is the smaller of the scales
which will dominate the anisotropy. However, Benyamin
et al. (2014) have shown that both are of order a few hun-
dred pc.

Another interesting aspect of the smaller halo which per-
tains to the expected anisotropy is the expected size of the
fluctuations. The smaller diffusion coefficient and halo size
implies that the number of SNR from which cosmic rays can
reach us is smaller. As a consequence, the expected Poisson
fluctuations are correspondingly larger. If Rlocal is the local
rate of supernovae per unit area of the galactic disk, then the
number of sources at a given energy is roughly

nsources ∼ πRlocalh
2τE ∼ 12

(
h

300pc

)2(
E

TeV

)1/3

(5)

where we have taken an overall galactic rate of a SN per 30
years, and exponential decay of 4 kpc in their distribution.

We therefore expect variations 1/
√
nsources which are of

order 25% at a TeV, simply due to the smaller volume having
fewer CR sources. In standard models, the number of sources
scales as h2 and therefore the variations in the anisotropy are
a factor of 1/h smaller, or 2-8% at a TeV, for typical values
found in the literature.

4. SIMULATING THE ANISOTROPY

Instead of estimating the anisotropy analytically, as given
by eq. 4, we can also simulate it by generating many realiza-
tions. This allows not only to study the average anisotropy,
but more robustly estimate the size of the fluctuations. More-
over, actual realizations can be compared to the observations,
to see whether or not the model is consistent.

We start by using the results of the nominal model of
Benyamin et al. (2014). This gives the local gradients in
the sources and CRs. Then, we can make many realizations

while assuming that the overall Milky Way supernova rate is
1 per 30 years. We assume that each SNR instantaneously in-
jects a δ-function of CRs, which initially diffuses. Since the
boundary conditions for the diffusion process are that the CR
density vanishes at z = ±h, we assume that the CR density
at location r and time t from a supernova that took place at r0
and t0 is given by

n1(r, t, r0, t0, E) = (6)

1
(4πDt)3/2
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(
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2

4Dt

)
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πi
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)2
t
)

for t > (fh)2/D

The accurate solution is the second expression with imax →
∞, obtained obtained through a Fourier series expansion. If
however we take only a finite number of terms, then the short
time solution is more accurately given by the first expression.
We take imax = 5 and f = 0.2, which gives very accurate
solutions as long as |z|, |z0| . 0.4h. Note also that the de-
pendence on energy enters through D = D(E), which we
assume to be D0(E/E0)

1/3.
The single SN distribution can then be summed over assum-

ing an average distribution given by Benyamin et al. (2014).
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FIG. 1.— The anisotropy as a function of energy. The red lines are 20 ran-
dom realizations of the model described in the text. One is denoted with a
heavy line as an example with variations similar to the experimental mea-
surements denoted with the points (Aartsen et al. 2013; Abbasi et al. 2012;
Abdo et al. 2009; Aglietta et al. 2009, 1996; Amenomori et al. 2005; An-
toni et al. 2004; Gerhardy & Clay 1983; Kifune et al. 1986, color coded
according to the detector type). At a given energy, there is a 31.7% prob-
ability (i.e., 1 σ) that the anisotropy will be outside the darker region, and
5% outside the lighter region. There is however a 70% change that it would
leave the dark band at any energy, or 14% chance it would leave the lighter
region. This is calculated based on 1000 realizations. The solid green line is
the expectation from the nominal model parameters, D = 6 × 1026cm2/s
at 1 GeV, h = 250pc and p = 1/3, and using eq. 4. The short and long
dashed lines denote the anisotropy expected from nominal models of Strong
& Moskalenko (1998), having D = 5 × 1028cm2/s at 1 GeV, h = 7.7kpc
and p = 1/3 (short dashed) and D = 1029cm2/s at 1 GeV, h = 5kpc and
p = 0.6 (long dashed). The dotted horizontal line is the expected anisotropy
from the motion of the solar system relative to the local standard of rest
(Compton & Getting 1935).

The results of 103 realizations is given in fig. 1. We find
that due to the finite number of sources, the expected varia-
tion from one realization to another is relatively large. The
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FIG. 2.— The angle difference between the direction of the average SN
gradient and the actual direction of the anisotropy in the different realizations.
The lines and shaded regions are the same as in fig. 1. In particular, the heavy
red line is of the same realization. Note however that although the regions are
defined to have the same local probability (i.e., for a given energy), because
of the larger correlation in energy, the probability for a realization to leave
the regions for any energy is lower, being 60% and 7% instead.

darker/lighter gray bands respectively describe the regions
for which there is a 31.7% (i.e., 1-σ) or 5% chance that the
anisotropy at a given energy will be larger outside the region.
The total 1-σ region is about 0.5 dex wide at 1 TeV. If we ask
the question what is the probability that it will be outside the
band at any energy, the probabilities are respectively 70% and
14%. Since the minimum observed anisotropy is slightly be-
low the lighter band, there is a 10% probability for such a re-
alization to arise (or 5% for a one sided probability). Namely,
the decrease in anisotropy between 10 to 100 TeV is not very
likely but still a plausible outcome of the model.

Fig. 2 depicts the difference between the direction of gradi-
ent of the CR sources, and the actual gradient in the CR dis-
tribution, as obtained in the model for different realizations.
Interestingly, variations as large as 1 radian are frequently ex-
pected, and a large “swing” in the direction is too possible.
For example, the sample realization emphasized in the figure
(exhibiting an anisotropy dip similar to the observation) that
also has a swing of about a radian, with other realizations hav-
ing even larger swings, similar to the measurements showing
a large change in the direction as the CR energy is increased
(e.g., see Di Sciascio & Iuppa 2013).

5. DISCUSSION AND SUMMARY

Our starting point in this work is a cosmic ray diffusion
model which assumes that the CR sources are not distributed
with an azimuthally symmetric distribution, but instead have
the sources concentrated towards the arms. This is expected
given that most SNe in the Milky Way are core collapse.

In order for the model to fit the various measurements of
secondaries and primary CRs, it needs a smaller diffusion co-
efficient and a smaller halo.

We have shown here that without any additional parame-
ter fitting, the nominal model parameters of Benyamin et al.
(2014) automatically recover the following:

1. The “knee” at a few PeV. It is the energy for which the
Larmor radius of protons is the same as the mean free
path associated with the diffusion.

2. The second knee at almost 100 PeV is then immediately
explained as the equivalent Iron “knee”, predicted to be
at an energy 26 times higher. This is similar to standard
models which have the same Z dependence.

3. The size of the anisotropy is smaller than standard mod-
els, and similar to the observations.

4. The smaller number of CR sources gives rise to larger
fluctuations from one realization to another. It explains
the irregular behavior of the anisotropy as a function
of energy and it explains the directional swings with
energy.

One of the interesting implications of the model is that the
knee should not be associated with the maximal energy which
the galactic CR sources can accelerate. A more reasonable
assumption would be that different the different sources, pre-
sumably supernova remnants can accelerate up to different en-
ergies, perhaps as a function of time, such that when they are
added up, one obtains a featureless spectrum which is only
modified by the propagation feature. Moreover, because the
propagation feature depends only on the local magnetic field,
it explains why it is so much sharper than could be expected if
the knee was due to cosmic rays coming from a diverse pop-
ulation of supernova remnants.

Another qualitative difference exists if the knee is due to
a break in the diffusion coefficient. Such a break would im-
ply that the anisotropy should rise faster above the knee than
expected if the knee is due to a maximal acceleration energy.
Moreover, given that different species have knees at differ-
ent energies, one would expect the anisotropy to be specie
dependent—with protons increasing their anisotropy already
from the knee, and heavier elements at higher energies. This
prediction could be used to distinguish between the models.
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