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Abstract Material failure occurs at the small scales
in the immediate vicinity of the tip of a crack. Due to
its generally microscopic size and the typically high
crack propagation velocity, direct observation of the
dynamic behavior in this highly deformed region has
been prohibitively difficult. Here we present direct mea-
surements of the deformation surrounding the tip of
dynamicmodeIcrackspropagating inbrittle elastomers
atvelocities ranging from0.2 to0.8Cs .Both thedetailed
fracture dynamics and fractography of these materi-
als are identical to that of standard brittle amorphous
materials such as soda-lime glass. These measurements
demonstrate how Linear Elastic Fracture Mechanics
(LEFM) breaks down near the tip of a crack. This break-
down is quantitatively described by extending LEFM to
the weakly nonlinear regime, by considering nonlinear
elastic constitutive laws up to second order in the dis-
placement-gradients. The theory predicts that, at scales
within a dynamic lengthscale �nl from the tip of a single
crack, significant log r displacements and 1/r displace-
ment-gradient contributions arise, and provides excel-
lent quantitative agreement with the measured near-tip
deformation. As �nl is consistent with lengthscales that
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appear in crack tip instabilities, this “weakly nonlinear
fracture mechanics” framework may serve as a spring-
board for the development of a comprehensive theory of
fracture dynamics.
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1 Introduction

Understanding the dynamics of rapid cracks remains a
major challenge in engineering, physics, materials sci-
ence and geophysics. For example, high velocity crack
tip instabilities (Fineberg and Marder 1999; Livne et al.
2007) remain poorly understood from a fundamental
point of view. Much of our understanding of how mate-
rials fail stems from Linear Elastic Fracture Mechanics
(LEFM) (Freund 1998), which assumes that materi-
als are linearly elastic outside of a small zone where
all nonlinear and/or dissipative processes occur (the
fracture “process zone”). In spite of several recent
attempts to understand various aspects of the high
velocity crack tip instabilities in the framework of
LEFM (Adda-Bedia 2005; Katzav et al. 2007; Bouch-
binder et al. 2005; Bouchbinder and Procaccia 2007),
it would be fair to say that the origin of these instabili-
ties remain elusive at present. A central facet of LEFM
is that displacement-gradients (and stresses) diverge as
1/

√
r at a crack’s tip and that this singularity dom-

inates all other displacement-gradients contributions
outside, but near, the process zone. The small size
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and rapid propagation velocity of the region of large
deformations surrounding a crack’s tip have, under
standard conditions, made quantitative measurement
of this important region nearly impossible. As a result,
the fundamental properties of the near-tip region, where
material failure is taking place, remain largely unknown
under dynamic conditions.

Understanding these near-tip dynamics is important,
as the way a material regularizes LEFM’s stress sin-
gularity at a crack’s tip determines whether its failure
is rapid and cataclysmic, as in brittle materials (e.g.
glass), or of a gradual, flowing character, as in ductile
materials (e.g. high-strength steels). Many attempts to
model the near-tip region have been empirical in nature,
assuming either cohesive-zone type models in which
different criteria are used to artificially “bond” the crack
faces immediately behind the crack tip (Falk et al. 2001;
Klein et al. 2001; Lobkovsky and Langer 1998; Miller
et al. 1999; Siegmund et al. 1997), criteria for mate-
rial softening in the near vicinity of the tip (Bazant and
Novak 2000; Bouchbinder et al. 2006; Buehler et al.
2003; Buehler and Gao 2006; Gao 1996; Gumbsch and
Gao 1999; Lu and Ravi-Chandar 1999), void nucleation
and damage surrounding the crack tip (Afek et al. 2005;
Bouchbinder et al. 2004; Lu et al. 2005; Needleman and
Tvergaard 2000; Pardoen and Hutchinson 2000; Ravi-
Chandar and Yang 1997), or a “damage” type order
parameter in phase-field models of fracture (Aranson
et al. 2000; Hakim and Karma 2005; Henry and Levine
2004; Karma et al. 2001; Karma and Lobkovsky 2004;
Spatschek et al. 2006).

Atomistic numerical simulations (Abraham 2001;
Abraham et al. 1994, 2002; Gumbsch 2001; Gumbsch
and Gao 1999; Gumbsch et al. 2001; Holland and
Marder 1998, 1999; Perez and Gubsch 2000; Rountree
et al. 2002) and lattice models (Astrom and Timomen
1996; Gross et al. 1993; Kessler 2000; Kessler and
Levine 1999; Marder and Gross 1995; Slepyan 1981)
have, until now, been the sole quantitative means to
probe some aspects of the dynamic of this elusive
region. Progress along these rather diverse lines of
investigation, on the whole, has been limited by our lack
of hard data describing the detailed physical processes
that occur when material nonlinearities become signif-
icant as the process zone is approached. In this paper
we present direct measurements of the deformation sur-
rounding the tip of dynamic mode I cracks propagat-
ing in brittle elastomers at velocities approaching the
Rayleigh wave speed, VR . We explicitly demonstrate

how the breakdown of LEFM occurs near the tip of
a crack, at scales where irreversible deformation and
energy dissipation are not yet taking place.

Motivated by the latter result, we extend the small
displacement-gradient approximation (LEFM) to
include the leading nonlinear contributions (Bouch-
binder et al. 2008, 2009) to the material constitu-
tive relations. These weakly nonlinear corrections to
LEFM predict displacement contributions proportional
to log r , which are most clearly manifested by a strong
departure from a parabolic crack tip opening displace-
ment (CTOD) in the near vicinity of a crack tip. The
resulting 1/r displacement-gradient contributions are
“more divergent” than the 1/

√
r singularity predicted

by LEFM. All of these aspects of the theory are shown
to be in excellent quantitative agreement with the mea-
sured near-tip deformation. We will show the weakly
nonlinear theory to be applicable at scales within a
dynamic lengthscale �nl from a crack’s tip. �nl denotes
the scale where second order displacement-gradients
become non-negligible compared to the first order ones,
and deformation-dependent material behavior (Gao
1996; Buehler et al. 2003; Buehler and Gao 2006;
Bouchbinder and Lo 2008) is initiated.

The structure of this paper is as follows. In Sect. 2
we discuss the fracture of polyacrylamide gels. These
results both demonstrate the universality of fracture
phenomenology in brittle materials and highlight the
appearance of an intrinsic/dynamical lengthscale that
seems to accompany crack tip instabilities. In Sect. 3 we
present the measurements of the near-tip fields of rapid
cracks approaching the Rayleigh wave speed and dem-
onstrate how LEFM breaks down in the near-tip region
of single propagating cracks. In Sect. 4 we outline the
derivation of the weakly nonlinear theory and pres-
ent the resulting solution that describes new near-tip
fields. In Sect. 5 we compare the theory to the measured
near-tip fields, demonstrating excellent agreement with
experiments on a scale �nl where LEFM starts to fail.
We conclude in Sect. 6 with a summary and a discus-
sion of the possible implications of our results.

2 The fracture of polyacrylamide gels

2.1 Experimental methods

Detailed experimental study of fracture in the near-
tip region is extremely difficult in “standard” brittle
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materials where fracture velocities are on the order of
VR (e.g. VR = 3,440 m/s in soda-lime glass), while the
process zone size is extremely small (∼1nm in glass).
The coupling of these large velocities and minute scales
makes the practical study of this region insurmount-
able. Thus, experimental study of this region has been
limited to static or quasi-static cracks in extremely slow
fracture (Celarie et al. 2003). These problems can be
surmounted by the use of polyacrylamide gels. In these
soft materials the value of VR is reduced by orders of
magnitude, since the elastic constants in gels are 4−5
orders of magnitude lower than in standard brittle mate-
rials. By slowing down the fracture process to speeds
amenable to study by means of fast cameras, the use of
these gels enables us to study fracture dynamics with
unprecedented spatial and temporal resolution.

The brittle gels used in these experiments are
the transparent, neo-Hookean, incompressible elasto-
mers that were used in Livne et al. (2007). Thin gel
sheets were fractured in Mode I, under loading where
constant displacement (fixed grip) conditions were
maintained. The gels are composed of 13.8% (weight/
volume) total monomer and 2.6% bis-acrylamide cross-
linker concentrations. The shear (µ = 35.2 kPa) and
Young’s (E = 3µ) moduli of these gels yield shear
and dilatational wave speeds of Cs = 5.90 m/s and
Cd = 11.8 m/s. The dimensions of the samples used
in these experiments were 120 × 120 × 0.2 mm in the
X (propagation), Y (loading) and Z (thickness) direc-
tions. The samples are prepared by casting the gel
between two glass plates. A face of one of these plates
was densely scratched with lapping powder and these
scratches, of 16µm mean depth, were imprinted on one
of the gel faces. This scratch pattern had no affect on
the crack dynamics, but was used as a “tracer field”
to visualize the displacement field as in Livne et al.
(2008). During crack propagation, the location of the
crack tip was determined directly from the high-speed
images acquired by a fast CMOS camera at frame rates
up to 5,000 frames/sec.

2.2 Universality of brittle amorphous fracture:
the micro-branching instability

We will now show that the fracture dynamics of these
materials are identical to those observed in more stan-
dard amorphous brittle materials. A series of recent
experiments (Livne et al. 2005) performed a quantita-

tive comparison of the fracture dynamics of gels with
those observed in both soda-lime glass and the brittle
acrylic, PMMA. These results, that are summarized in
Figs. 1 and 2, show that crack dynamics in gels undergo
the same micro-branching instability, from a state of
single-crack propagation to one in which the main
crack is continuously generating arrested microscopic
side branches (Fineberg and Marder 1999), as observed
in glass and PMMA. Comparing glass and polyacryl-
amide gels, Fig. 1 shows that, in both materials, cracks
rapidly and smoothly accelerate until arriving at a crit-
ical velocity, VC , that is slightly lower than 0.4VR (in
gels VC ∼ 2 m/s whereas VC ∼ 1, 400 m/s in soda-
lime glass). Beyond this velocity, rapid large ampli-
tude fluctuations of the crack tip velocities take place.
These rapid fluctuations are caused by the appearance
of micro-branches, minute daughter cracks that sur-
round the main one. In both these materials as well as
in poly-methyl-methacrylate (PMMA), the subsurface
micro-branch profiles are nearly identical and follow
an approximate y ∼ x0.7 trajectory.

In both glass and gels, beyond VC very similar struc-
tures appear on the fracture surface. These structures
exhibit the form of the micro-branches near the fracture
surface and indicate their 3D character; micro-branches
are strongly localized in the Z direction and form local-
izedchains thatextendin thepropagationdirection(as in
the lower left and right panels of Fig. 1) and are flanked,
in the Z direction, by flat mirror-like fracture surfaces.

In both gels and glass the crack front retains a mem-
ory of any localized perturbation (or “asperity”) which
breaks its translational invariance in the Z direction.
This effective memory is evident below VC , when a
crack front encounters a localized material inhomoge-
neity. When this occurs, the inhomogeneity is seen to
generate front waves, i.e. localized waves that travel
along the crack front (Sharon et al. 2002), in both mate-
rials. In glass, a pronounced “ring-down” of the ini-
tial perturbation ahead of the crack front was observed
(Sharon et al. 2002) whose periodicity scales with the
width of the perturbation that was encountered. When
the crack velocity is above VC , a localized perturba-
tion may trigger the formation of a micro-branch. As
locally the fracture energy is effectively increased when
this occurs, the same memory effect will then trig-
ger the excitation of a subsequent micro-branch. As
a result, a succession of micro-branches in the prop-
agation direction will be created. The micro-branches
composing this chain will have a rough periodicity in
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Fig. 1 Characteristic features of dynamic fracture are identi-
cal in both polyacrylamide gels and “standard” brittle materials,
such as soda-lime glass (Livne et al. 2005). The dynamics of two
typical cracks in polyacrylamide gels (upper left) and soda-lime
glass (upper right) are shown. In both materials cracks acceler-
ate smoothly until the onset of the micro-branching instability
at a velocity of VC = 0.4VR , where VR = 3, 340 m/s in glass
and 5.3m/s in the gel used here. Beyond VC , the crack veloc-
ity fluctuates as the single crack state undergoes a transition to
a multi-crack state where the main crack coexists with micro-
scopic branched cracks. In the middle, photographs of single
micro-branches (in the XY plane) that extend beneath the frac-

ture surface for gels (middle left) and glass (middle right). Micro-
branches are identical in both materials with the same power-law-
like form. Photographs of the fracture surface of a gel (lower left)
and glass (lower right) formed by cracks propagating from left
to right (see arrows) at v ∼0.5VR . Chains of successive micro-
branches are formed along the propagation direction (X) which
are highly localized in the direction (Z) normal to propagation.
Note also the existence of V-shaped markings on the fracture
surfaces in both cases. These tracks were created by nonlin-
ear perturbations propagating along the crack front, i.e. “front
waves” (Sharon et al. 2002). The perturbations are generated by
the successive micro-branching events.

the X direction, as seen in Fig. 2a, b with the distance
(∆X) between successive branches scaling with the
width (∆Z) of the preceding micro-branch. The ratio
∆X/∆Z in both glass and gels is nearly constant with
the same mean value (4−5). Moreover, the distributions
of the measured values of ∆X/∆Z in Fig. 2c are nearly
indistinguishable for both of these very different mate-
rials. In glass (Sharon et al. 2002), this rough scaling
persists over as large a range (1µm <∆X< 1 mm) as
can be measured optically, whereas in gels there is a
lower cut-off for ∆Z of approximately 20µm.

The existence of these characteristic features both
strongly suggests the universality of the fracture pro-

cess in these two very different materials and justifies
the use of polyacrylamide gels as a vehicle for under-
standing general properties of fracture dynamics.

2.3 New insights from the fracture of gels:
micro-branching as an activated process
and the appearance of an oscillatory instability
at high velocities

In gels it is possible to achieve a wide range of crack
acceleration rates. Surprisingly, Livne et al. (2005)
found that, although the value of VC for the lowest
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Fig. 2 Branch-line scaling
in both polyacrylamide gel
(Livne et al. 2005) and glass
(Sharon et al. 2002).
Close-up photographs of
single branch-lines in gels
(a-top) and glass (b-top). In
both materials the distance
∆X between successive
branches scales with their
width, ∆Z. The ratio,
∆X/∆Z, is plotted for
numerous different
measurements as a function
of ∆X in both materials
(a-bottom) and (b-bottom).
Both the mean value of
∆X/∆Z ∼ 4 and
distributions of the
measured values (c) are
nearly indistinguishable for
both of these very different
materials. Data from gels
(glass) are marked by
squares (circles)
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acceleration rates corresponded to that observed in
PMMA and glass, on average VC is roughly a linearly
increasing function of the crack acceleration, as Fig. 3a
demonstrates. An interesting feature of Fig. 3a is the
large apparent scatter in the values of VC for a given
value of the crack acceleration. This scatter is intrinsic,
and is far larger than the measurement error. This can
be seen in the histogram, presented in Fig. 3b, of the
time interval τ between the moment when the crack’s
velocityv surpasses the minimal value of VC = 0.34VR

until the appearance of the first micro-branch. This
uncertainty was understood (Livne et al. 2005) to result
from the fact that the micro-branching instability in gels
undergoes a sub-critical bifurcation (hysteretic transi-
tion) from a single crack to a multiple-crack state.

Evidence for this hysteretic transition in is shown in
Fig. 3c, where the reverse transition from a crack state
with micro-branches to a single-crack state occurs at
velocities far less (0.1VR) than VC . This clear hyster-

esis, together with the large scatter in VC , suggests a
picture of the instability as an activated process that
can be triggered by finite size perturbations to the crack
front. Once the system falls within the bistable region
of velocities, either a single or multi-crack state can
exist. In this region, the instability may be triggered
by random perturbations when the crack velocity sur-
passes a minimal value of VC, VC( min). This would
yield a finite probability to bifurcate at each time inter-
val after crack velocity surpasses VC( min) and produce
an exponential distribution similar to the one presented
in Fig. 3b.

This noise-driven hysteretic transition is analogous
to other well-known driven nonlinear systems such as
pipe flow, which is linearly stable at all flow veloc-
ities and transition to turbulent behavior occurs only
when perturbed by finite sized perturbations. These
results may also provide an explanation for the spatial
localization (Figs. 1, 2) of micro-branches in the (Z)
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Fig. 3 The transition to the micro-branching instability is a
roughly a linear function of the acceleration, a, prior to the tran-
sition. b The time, τ , needed to trigger the instability once the
velocity v > 0.34VR (dashed line showing the minimal value
observed for the transition to occur) follows an approximate
exponential distribution suggesting a noise activated process.
This picture is supported by the (c) large hysteresis observed
when the micro-branching state (shaded region) undergoes a
reverse transition to the single-crack state

direction normal to propagation. Spatially localized
states are formed in many driven dissipative systems
that experience the rapid nonlinear growth which drives
a first-order phase transition. Localized states typically
occur in the hysteretic region, where either of two dif-
ferent states can be stable. Spatial localization occurs
when these bi-stable states coexist in different spatial
domains, which are formed when nonlinear growth is
balanced by mechanisms such as dissipation, disper-
sion, or the existence of a globally conserved quantity
(Riecke 1999). Finally, note that any finite activation
time, τ , for micro-branching defines a mean length-
scale τv, corresponding to a characteristic scale of the
micro-branching pattern.

The micro-branching instability can be suppressed
by reducing the sample thickness h in the Z-direction.
When h is sufficiently reduced, here to a value of a few
hundred µm, the total number of “noise” (activation)
sources is significantly reduced and, statistically, fewer
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Fig. 4 Oscillatory instability of a crack. a A sequence of pho-
tographs, shown at 0.69 ms intervals, of a propagating crack
undergoing a transition from straight (top two pictures) to oscilla-
tory motion which occurs at approximately 0.9VR , when micro-
branching is suppressed. Photographs of XY profile (top) and
(XZ) fracture surface (bottom) of (b) a 0.2 mm thick gel sam-
ple where oscillations developed and c a 2.0 mm thick gel where
the crack retained its straight line trajectory. In (c) the fracture
surface is micro-branch dominated whereas in (b) the oscillat-
ing crack has a mirror surface. In (a)–(c) the gel compositions
were identical and propagation was from left to right. d Steady-
state amplitudes, A, and e wavelengths, λ, of the oscillations as
a function of the applied stress, σ , for the gel compositions used
in (a)–(c). (insets) Transient time evolution of oscillation ampli-
tudes, A, and wavelengths, λ, in two typical experiments where
t = 0 is defined by the onset of oscillations. Sample dimensions:
X × Y ∼ 125 × 115 mm2 (squares), 130 × 155 mm2 (triangles)
and 125 × 70 mm2 (circles)

chains of micro-branches can be generated. In addition,
any micro-branch chain soon encounters a sample edge
and disappears. This results in an effective suppression
of the micro-branching instability and enables a crack
to accelerate to otherwise unattainable velocities.

When this occurs, a new and unexpected, oscillatory
instability (Livne et al. 2007) is observed at a critical
velocity of 0.9VR (see Fig. 4). None of the charac-
teristic scales of this instability (e.g. oscillation wave-
lengths, λ, or amplitudes, A) are dependent on sample
geometry or dimensions. Although such a high veloc-
ity oscillatory instability was shown to occur in LEFM
(Bouchbinder and Procaccia 2007), the predicted oscil-
lation wavelength must scale with the sample dimen-
sions in the LEFM framework, since no other scale
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exists. This prediction is, however, in sharp contrast
to the experimental observations. We therefore believe
that these observations indicate a new intrinsic/dynam-
ical scale, which is needed to describe these dynamics.
This is, in a sense, similar to the crack front mem-
ory observed when translational invariance is broken,
when a time/length scale is generated which can not be
explained in the framework of LEFM. We suggest that
the scales of both effects may be linked.

The results reviewed in this section have two major
implications for the discussion to come. First, the sim-
ilarity between the fracture of polyacrylamide gels
and other “standard” brittle materials was established,
allowing us to deduce general principles from the direct
measurements, presented in Sect. 3, of the dynam-
ics of near-tip fields in the gels. Second, all of the
discussed effects (micro-branching instability, spa-
tial localization, crack front memory, and oscillatory
instability) suggest the necessity of one or more new
lengthscales that do not exist in current theoretical
descriptions (Bouchbinder and Procaccia 2005). A pos-
sible relevant lengthscale will emerge from the theory
to be described in Sect. 4.

3 Measurements of the near-tip fields of rapid
cracks: the breakdown of LEFM

The low value of VR in gels opens the way for probing
the deformation fields near the tip of a rapid crack (i.e.
propagating at a substantial fraction of VR). We define
a polar coordinate system that moves with the crack tip
by r = √

(x − vt)2 + y2 and θ = tan−1[y/(x − vt)],
where (x, y) is the rest frame coordinate system and v

is the crack’s velocity along the θ = 0 direction. On
the crack faces (i.e. θ =±π ), near the tip of the crack,
LEFM relates the components of the displacement field
along the crack faces, ux(r, θ = π), uy(r, θ = ±π),
and the stress intensity factor KI by u2

y(r, θ = ±π) ∝
K2

I ux(r, θ =π), where the constant of proportionality
is a known function of v (Freund 1998). Photographs
of the crack tip opening profile, as presented in Fig. 5,
yield direct measurements of ux and uy . Thus, the cur-
vature near the crack tip provides the value of KI (or,
alternatively, the fracture energy, Γ ). The lower left
panel of Fig. 5 shows values of Γ as a function of
the instantaneous crack velocity obtained in this way.
The collapse of these derived values of Γ (v) for all

of the data indicates that this is an effective means to
obtain precise values of the fracture energy.

At “large” scales from the crack tip, this parabolic
form is an excellent fit to the crack profile. In the close
vicinity of the tip, however, there are clear deviations
from this predicted profile. The scale, δ, of these devi-
ations is shown in the close-up of the crack tip in the
upper right panel of Fig. 5. While Γ (v), which corre-
sponds to the dissipation near the crack tip, increases
relatively slowly with v, the lower right panel of Fig. 5
demonstrates that the corresponding increase of δ(v)

is much more rapid. This suggests that δ(v) is not a
measure of the region where dissipation occurs, but
instead indicates the scale of the nonlinear elastic zone
surrounding the crack tip. Although the near-tip region
certainly includes this nonlinear zone, its precise struc-
ture is not known. To our knowledge, these are the first
such measurements for a rapidly moving crack.

The discrepancies between LEFM and the the mea-
sured CTOD on a scale δ(v) lead us to consider the
strain field component εyy =∂yuy along the line θ =0
which is immediately ahead of the crack tip. A com-
parison of LEFM predictions with the measured val-
ues is presented in Fig. 6 (Livne et al. 2008). The data
show clear discrepancies between LEFM predictions
and measurements that become progressively larger
as v increases. In particular, at v = 0.78Cs , LEFM
predicts a negative strain (compression) ahead of the
crack tip, while the data exhibit positive strain, as intu-
itively expected. Moreover, the singular behavior of
εyy(r, θ = 0) appears stronger than the r−1/2 depen-
dence predicted by LEFM.

Below we show that a quantitative description of
the experimental data results from the incorporation of
elastic nonlinearities in the material constitutive rela-
tion. These results are not limited to elastomers and
are of general validity. Nonlinearity of the constitutive
relation is as universal as linear elasticity and must be
experienced by any material undergoing fracture. The
theory, which generalizes LEFM to quadratic nonlin-
earities of the constitutive relation, resolves all of the
discrepancies discussed above.

4 Weakly nonlinear theory of dynamic fracture

In this section, we first provide a rationale for devel-
oping the weakly nonlinear theory and present sim-
ple scaling arguments for its analytic structure. We
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Fig. 5 a (left) A single crack traveling from left to right in a
(to scale) uniaxially loaded sample. As described in Sect. 2.3,
micro-branching was suppressed in these experiments. (center)
Photograph of the profile at the tip of a typical dynamic crack
where v�0.7Cs . A parabolic fit (dashed red curve) agrees well
with the crack profile for a distance larger than 5 mm. The x and
y axes are labeled in mm, where the crack tip is located at (0,0).

(right) A closeup view reveals a deviation, δ, between the tip of
the parabola and the crack tip. b The velocity-dependent fracture
energy, Γ (v), derived from KI as determined by the parabolic
form of the crack tip u2

y(r, θ =±π) = A(v)K2
I ux(r, θ =π) pre-

dicted by LEFM. A(v) is the universal kinematic factor derived
in Freund (1998). c δ as a function of v/Cs

then outline the derivation of a general solution of the
weakly nonlinear mode I problem to be defined below.
Finally, we use the neo-Hookean strain energy func-
tional, which corresponds to the constitutive behavior
of the gels discussed in Sects. 2 and 3, to obtain explicit
results that will be compared to the measured near-tip
deformation in Sect. 5.

4.1 Rationale and simple scaling considerations

An essential feature of crack propagation is the high
concentration of deformation in the immediate vicin-
ity of a crack’s tip. The canonical theory of fracture

(LEFM), however, is confined to small material defor-
mations. Therefore, any attempt to understand the phys-
ics of the “process zone”, where LEFM breaks down by
definition, involves an extension of LEFM to encom-
pass constitutive behavior that goes beyond linear elas-
ticity. What is the first physical process that intervenes
when LEFM breaks down? To answer this question,
consider the left panel of Fig. 7, where the solid line
schematically describes an interatomic potential as a
function of particle separation. Adopt now the over-
simplified assumption in which fracture behavior is
completely contained in this interaction potential (i.e.
neglect relevant features like the underlying disordered
structure of amorphous solids, interaction with multiple
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Fig. 6 The measured strain, εyy(r, θ =0), (open circles) is com-
pared to the theoretical (LEFM) prediction (dashed curve), see
Livne et al. (2008) for details. The discrepancy between the two

increases with the crack velocity: a v = 0.20Cs , b v = 0.53Cs ,
c v = 0.78Cs . For the highest velocity (c), LEFM predicts a
negative strain (compression) ahead of the crack tip

Fig. 7 Left A schematic
pair interatomic potential
energy vs. interatomic
separation (solid line). The
harmonic approximation at
the minimum of the
potential is shown in dashed
line. Right A schematic
stress vs.
displacement–gradient
relation (solid line). The
linear elastic approximation
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particles, interaction variations due to particle motion
etc.). Linear elasticity is described in this view by the
harmonic approximation about the equilibrium state at
the bottom of the potential well, cf. dashed line in the
left panel of Fig. 7. Viscoplastic deformation, damage
evolution and finally fracture correspond to interatomic
separations far to the right (with respect to the minimum
of the potential) as the interaction energy decreases sig-
nificantly. It is both natural and physically sound to
assume that before something dramatic like one of these
irreversible processes occur, the harmonic approxi-
mation will first break down via nonlinear reversible
deformation (cf. the difference between the solid and
dashed curves immediately near the potential mini-
mum in the left panel Fig. 7). The first such nonlin-
ear deformation is described by second order nonlinear
elasticity.

To model this behavior at a macroscopic level, we
expand a general stress vs. displacement-gradient rela-
tion up to second order

s � µ∂u − µ̄(∂u)2 + O[(∂u)3]. (1)

For simplicity, we suppress any tensorial notation and
let s and ∂u schematically denote stress and dis-
placement-gradient (strain) measures respectively (u
denotes a displacement and ∂ schematically denotes
a spatial derivative); µ and µ̄ schematically denote
the first and second order elastic moduli, respectively.
The second order elastic relation of Eq. (1) is plot-
ted in the solid line on the right panel of Fig. 7, with
µ̄ = µ. The dashed straight line describes the linear
approximation, which remains reasonably good up to
∂u � 0.1, but deteriorates progressively as ∂u further
increases. Note the direct correspondence between the
curves on the right and left panels of Fig. 7, where devi-
ations from the harmonic approximation on the left cor-
respond to deviations from a linear elastic constitutive
behavior on the right.

To explore the implications of Eq. (1) on fracture
dynamics, we schematically write the momentum bal-
ance equation as
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∂s = 0, (2)

where, for simplicity, we omit the inertial term on the
right hand side. We then expand the displacement u in
powers of the magnitude of the displacement-gradient
ε � |∂u| as

u � εu(1) + ε2u(2) ≡ ũ(1) + ũ(2) . (3)

Substituting Eq. (3) in Eq. (2) and expanding to first
order, we obtain

µ ∂2ũ(1) = 0, (4)

which is our schematic analog of the Lamé equa-
tion (Freund 1998). LEFM tells us that this equation,
together with the traction-free boundary conditions on
the crack faces, leads to the following asymptotic near-
tip behavior (Freund 1998)

∂ũ(1) ∼ K

µ
√

r
, (5)

where K is the stress intensity factor and r is measured
from the crack tip. Considering now Eq. (2) to second
order in the displacement-gradients, we obtain

µ ∂2ũ(2) − µ̄ ∂(∂ũ(1))2 = 0, (6)

which is our analog of an inhomogeneous Lamé
equation for ũ(2). This yields an effective body-force
that scales as

µ̄ ∂(∂ũ(1))2 ∼ µ̄K2

µ2r2 . (7)

By inspection, Eq. (6) admits a solution of the form

∂ũ(2) ∼ µ̄K2

µ3r
. (8)

Therefore, this simple consideration already leads to
the interesting conclusion that the first nonlinear cor-
rection to the asymptotic LEFM fields is characterized
by a 1/r displacement-gradients singularity. Although
the exact weakly nonlinear solution, as detailed below
in Sects. 4.2 and 4.3, is much more mathematically
involved, its basic features are captured by the simple
scaling considerations described above.

We now proceed to address the question of where
in space the second order correction ∂ũ(2) becomes
non-negligible with respect to ∂ũ(1). A plausible esti-
mate for when nonlinear contributions to the consti-
tutive relation become important is obtained from the
relation

∂ũ(2)

∂ũ(1)
� 0.1 . (9)

This immediately implies that higher order corrections
like ∂ũ(3) are negligibly small in this region. Denoting
the scale in which Eq. (9) is first satisfied by �nl and
using Eqs. (5) and (8), we obtain

�nl ∼ µ̄2 K2

µ4 0.12 . (10)

This simple analysis reveals the emergence of a
“dynamic” (i.e. K and v-dependent) lengthscale asso-
ciated with weak elastic nonlinearities. Note also
that since irreversible (plastic) deformation is always
preceded by elastic nonlinearities as a function of
increasing displacement-gradients (cf. Fig. 7 and the
discussion in the text) the plastic deformation scale �pl

must satisfy

�nl > �pl. (11)

Note that for strongly nonlinear elastic materials (gels,
rubber etc.) we expect scale separation of the form
�nl ��pl , while for other materials we cannot rule out
the possibility that �nl is not very different from �pl .
Below we present a more systematic derivation of the
weakly nonlinear theory, showing that all of the quali-
tative features derived here from simple considerations
are preserved in the full and exact theory.

4.2 General solution of the weakly nonlinear mode
I problem

The existence of a nonlinear elastic zone demonstrated
above, the discrepancies between the measured defor-
mation and LEFM predictions together with the phys-
ical rationale and the simple scaling considerations of
the preceding subsection, motivated us to formulate
a nonlinear elastic dynamic fracture problem under
plane-stress conditions. Consider the deformation field
φ, which is assumed to be a continuous, differentia-
ble and invertible mapping between a reference con-
figuration x and a deformed configuration x′ such that
x′ = φ(x) = x + u(x). The components of the defor-
mation gradient tensor F are given by Fij = ∂jφi =
δij +∂jui . The components of the first Piola-Kirchhoff
stress tensor s, that is work-conjugate to the deforma-
tion gradients F, are given as sij = ∂Fij

U(F), where
U(F) is the strain energy in the deformed configu-
ration per unit volume in the reference configuration
(Holzapfel 2000). In the particular case of neo-Hook-
ean materials (e.g. the gels used in our experiments),
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U(F) = µ
2

[
FijFij + det(F)−2 − 3

]
. We will, how-

ever, first consider a general energy functional U(F),
and later apply our results to the particular case of
neo-Hookean materials.

The momentum balance equation is

∂j sij = ρ∂ttφi, (12)

where ρ is the reference mass density. Under steady-
state propagation conditions we expect all of the fields
to depend on x and t through the combination x−vt and
therefore ∂t = −v∂x . Recall that the polar coordinate
system that moves with the crack tip is related to the rest
frame by r =√

(x − vt)2 + y2 and θ = tan−1[y/(x −
vt)]. In this coordinate system the traction-free bound-
ary conditions on the crack faces become (Knowles and
Sternberg 1983)

sxy(r, θ =±π)=syy(r, θ =±π) = 0 . (13)

To proceed, we note that in the measurement region
discussed above the maximal strain levels are 0.2−0.35
(see below) as the velocity of propagation varied from
0.20Cs to 0.78Cs . These levels of strain motivate
a perturbative approach where quadratic elastic non-
linearities must be taken into account. Higher order
nonlinearities are neglected below, though they most
probably become relevant as the crack velocity
increases. We write the displacement field as

u(r, θ) � εu(1)(r, θ) + ε2u(2)(r, θ) + O(ε3), (14)

where ε quantifies the (dimensionless) magnitude of
the displacement-gradients. The expansion is perturba-
tive in the sense that O(ε3) contributions to the defor-
mation fields are neglected and asymptotic in the sense
that we consider a region near the crack tip whereO(ε2)

contributions are non-negligible compared to the lead-
ing O(ε) contributions in this region. Equation (14)
implies that we consider first (linear) and second (qua-
dratic) orders of elasticity.

For a general U(F), s and φ can be expressed in
terms of u of Eq. (14). Substituting these in Eqs. (12)–
(13) one can perform a controlled expansion in orders
of ε. The order ε problem is the standard LEFM one

µ∇2u(1) + (λ̃ + µ)∇(∇ · u(1)) = ρ ü(1), (15)

with the traction-free boundary conditions on the
crack’s faces at θ =±π

∂θu
(1)
x

r
+ ∂ru

(1)
y = 0,

(λ̃ + 2µ)
∂θu

(1)
y

r
+ λ̃∂ru

(1)
x = 0. (16)

Here λ̃ is the plane-stress first Lamé coefficient and
µ is the shear modulus. The near-tip asymptotic solu-
tion under Mode I steady-state propagation conditions
is known to be (Freund 1998)

εu(1)
x (r, θ; v) = KI

√
r

4µ
√

2π
Ωx(θ; v)

+ (λ̃ + 2µ)T r cos θ

4µ(λ̃ + µ)
,

εu(1)
y (r, θ; v) = KI

√
r

4µ
√

2π
Ωy(θ; v) − λ̃T r sin θ

4µ(λ̃ + µ)
.

(17)

Here KI is the Mode I stress intensity factor and T

is a constant known as the “T-stress” (Freund 1998).
Note that these parameters cannot be determined by
the asymptotic analysis as they depend on the global
crack problem. Ω(θ; v) is a known universal function
(Freund 1998; Bouchbinder et al. 2008). ε in Eq. (14)
can be now defined explicitly as

ε ≡ KI

4µ
√

2π�nl(v)
, (18)

where �nl(v) is a velocity-dependent length-scale.
�nl(v) defines the scale where order ε2 contributions
become non-negligible compared to order ε contribu-
tions, but order ε3 contributions are negligibly small.
As evident from Eq. (14), ε plays the role of a “small
parameter” in the present theory; its precise value is
determined by the nonlinear elastic constitutive behav-
ior of a given material and more specifically by the
typical ratio between first and second order elastic
moduli. �nl(v) in Eq. (18) is a “dynamic” (as opposed
to “intrinsic”) lengthscale that marks the onset of devi-
ations from a linear elastic constitutive behavior and is
equivalent to the lengthscale defined in Eq. (10).

The order ε2 Mode I problem has the following form

µ∇2u(2)+(λ̃ + µ)∇(∇ · u(2))

+µ�nl g(θ; v)

r2 = ρ ü(2). (19)

To this order, the traction-free boundary conditions at
θ =±π become

∂θu
(2)
x

r
+ ∂ru

(2)
y = 0,

(λ̃ + 2µ)
∂θu

(2)
y

r
+ λ̃∂ru

(2)
x + µ�nlκ(v)

r
= 0. (20)

Here g(θ; v) and κ(v) are universal functions that
depend on the first and second order elastic moduli.
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Generic quadratic nonlinearities of the form ∂(∂u(1)

∂u(1)) result in an effective body-force ∝ r−2 in
Eq. (19), cf. Sect. 4.1. Note that corrections propor-
tional to KIT r−3/2/µ were neglected in Eq. (19).
These corrections lead to displacement contributions
that vary as r1/2 and thus result in a few percent var-
iation of the apparent KI with the angle θ . This may
indeed be observed, cf. Figs. 8 and 9; see also Livne
et al. (2008) and Bouchbinder et al. (2008).

The solution of the order ε2 Mode I problem posed
by Eqs. (19)–(20) was derived in Bouchbinder et al.
(2008, 2009). It has the following form

ε2u(2)
x (r, θ; v) =

(
KI

4µ
√

2π

)2[
ũx(r, θ; v)+ϒx(θ; v)

]
,

ε2u(2)
y (r, θ; v) =

(
KI

4µ
√

2π

)2[
ũy(r, θ; v)+ϒy(θ; v)

]
.

(21)

Here �nlϒ(θ; v) is a particular solution of Eq. (19)

ϒx(θ; v)�
N(v)∑

n=1

cn(v) cos(nθ),

ϒy(θ; v)�
N(v)∑

n=1

dn(v) sin(nθ), (22)

and �nl ũ is a homogeneous solution of Eq. (19)

ũx(r, θ, v) = A log r + A

2
log

[

1 − v2 sin2 θ

C2
d

]

+Bαs log r + Bαs

2
log

[
1 − v2 sin2 θ

C2
s

]
,

ũy(r, θ, v) = −Aαdθd − Bθs . (23)

Here α2
d,s ≡ 1 − v2/C2

d,s and tan θd,s = αd,s tan θ .
The most striking feature of the weakly nonlinear cor-
rection to LEFM presented in Eqs. (21)–(23) is that it
predicts log r displacements and 1/r displacement-gra-
dient contributions, cf. Sect. 4.1. These will be shown
in Sect. 5 to be in excellent quantitative agreement with
the experimental data, resolving all the discrepancies
with LEFM discussed in Sect. 3.

The weakly nonlinear solution presented in
Eqs. (21)–(23) contains two parameters A and B.
When the solution in Eqs. (21)–(23) is substituted in
the boundary conditions of Eq. (20), a single relation
between A and B is obtained (Bouchbinder et al. 2008).
The remaining free parameter, say B, is determined by
the condition that no unbalanced force arises from the

1/r singular solution (Rice 1974; Bouchbinder et al.
2009). As these conditions completely determine A and
B, the weakly nonlinear solution is entirely consistent
with the principle of the autonomy of the nonlinear
near-tip region (Bouchbinder et al. 2009). This princi-
ple states that the mechanical state within the near-tip
nonlinear zone, which is surrounded by the 1/

√
r sin-

gular fields (the “K-fields”), is determined uniquely by
the value of KI , but is otherwise independent of the
applied loadings and the geometric configuration in a
given problem (Broberg 1999; Freund 1998). Auton-
omy implies, for example, that systems with the same
KI , but with different applied loadings and geometric
configurations, will be in the same mechanical state
within the near-tip nonlinear zone.

4.3 Application to a neo-Hookean material

The aim of this subsection is to derive the explicit
weakly nonlinear solution for the particular case of
a neo-Hookean strain energy functional. This solu-
tion will then be compared to the experimental data
in Sect. 5. We closely follow the derivation of Bouch-
binder et al. (2008, 2009).

Let us first consider the neo-Hookean plane-stress
elastic strain energy functional (Knowles and Sternberg
1983) that describes the constitutive behavior of the
incompressible elastomer gels discussed in Sects. 2 and
3

U(F) = µ

2

[
FijFij + det(F)−2 − 3

]
. (24)

This constitutive behavior implies that λ̃ = 2µ and
Cd = 2Cs . The stress components sij = ∂Fij

U(F)

now become

sij = µ
(
∂jφi − det(F)−3εikεjl∂lφk

)
, (25)

where εij is the two-dimensional alternator, i.e. εij = 0
when i = j , and εxy = −εyx = 1. Note that in
an incompressible neo-Hookean material, the first and
second order elastic moduli are of the same order
implying that µ � µ̄ in the language of Eq. (1).

Expanding Eq. (25) in powers of ε and using
Eq. (12), we obtain explicit expressions for g(θ; v) and
κ(v) in Eqs. (19)–(20) (Bouchbinder et al. 2008). Solu-
tion of the momentum balance equation (cf. Eq. (19))
yields ϒ(θ; v) in Eq. (22) with the boundary conditions
(cf. Eq. (20)) providing a relation between A and B

A = 2αsB − 4∂θϒy(π; v) − κ(v)

2 − 4α2
d

. (26)
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To simplify the mathematical procedure as much
as possible, we limit ourselves here to the quasi-static
limit v → 0. In this limit, the components of the partic-
ular part of the solution appearing in Eq. (22) become
(Bouchbinder et al. 2009)

ϒx(θ; 0)=−103

48
cos θ + 26

15
cos (2θ) − 3

16
cos (3θ),

ϒy(θ; 0)=−61

48
sin θ + 26

15
sin (2θ) − 3

16
sin (3θ).

(27)

We also have

κ(v = 0) = −64

3
, (28)

which allows an explicit calculation of the relation
between A and B in Eq. (26).

The determination of the remaining parameter, say
B, is more involved and was performed in detail in
(Bouchbinder et al. 2009). The value of B follows from
an interesting feature of the 1/r singularity of the dis-
placement-gradients. As in quasi-static LEFM, the 1/r

singular term in a Williams expansion (Williams 1957)
generates a net force that is transmitted across any line
surrounding the crack tip that acts in the propagation
direction (Rice 1974). Since no such force is applied to
the crack faces/tip and since inertia is negligible in the
quasi-static limit, this apparent force is an unbalanced
one that cannot physically exist. The condition that no
net force is transmitted across a line surrounding the
crack tip is uniquely satisfied in quasi-static LEFM by
eliminating the 1/r strain singularity altogether (Rice
1974). This is not the case in the weakly nonlinear the-
ory.

The net force f transmitted across a line surround-
ing the crack tip can be expressed as

fx ∝
π∫

−π

[
sxxnx + sxyny

]
rdθ,

fy ∝
π∫

−π

[
syxnx + syyny

]
rdθ,

(29)

where the line is chosen to be a circle of radius r

whose outward normal is n = (cos θ, sin θ). Expand-
ing Eq. (29) to order ε2, we obtain (Bouchbinder et al.
2009) that fy = 0 and fx is a linear function of A and
B that vanishes only for a specific relation between
these parameters. Demanding that fx = 0, together
with the stress-free boundary conditions at θ = ±π (cf.

Eq. (26)) fixes A and B uniquely. With these param-
eters, the weakly nonlinear quasi-static solution for a
neo-Hookean material is now completely determined
and reads (Bouchbinder et al. 2009)

ux(r, θ) = KI

√
r

4µ
√

2π

[
7

3
cos

(
θ

2

)
− cos

(
3θ

2

)]

+
(

KI

4µ
√

2π

)2 [
− 1

15
log (r) − 52

45
(log(r)

+3

4
sin2(θ)

)
− 103

48
cos (θ) + 26

15
cos (2θ)

− 3

16
cos (3θ)

]
,

uy(r, θ) = KI

√
r

4µ
√

2π

[
13

3
sin

(
θ

2

)
− sin

(
3θ

2

)]

+
(

KI

4µ
√

2π

)2 [
θ

15
− 52

45

(
θ

4
− 3

8
sin(2θ)

)

−61

48
sin (θ) + 26

15
sin (2θ) − 3

16
sin (3θ)

]
, (30)

where the only free parameter is KI , in accord with the
concept of the autonomy of the near-tip nonlinear zone.
The interested reader should consult Bouchbinder et al.
(2009) for details of the limit v → 0.

This complete weakly nonlinear solution for a
neo-Hookean material can be compared now to the
experimental data presented in Sect. 3. We note that
the procedure described in this section for eliminat-
ing unbalanced forces generated by the 1/r singular
solution can be also used in the fully dynamic case to
determine B in Eq. (23), although this is somewhat
more involved as material inertia plays a role in the
force balance (Bouchbinder et al. 2009). Furthermore,
the solution in Eq. (30) was shown in Bouchbinder
et al. (2009) to be consistent with the path-indepen-
dence of the general J-integral (Broberg 1999; Freund
1998). This set of results shows that the weakly nonlin-
ear theory is consistent with all of the tenets of fracture
mechanics (Bouchbinder et al. 2009).

5 Comparison to experimental data

We now compare the weakly nonlinear theory to
direct measurements of the near-tip deformation fields.
The explicit form of the weakly nonlinear solution in
Eq. (30) for a neo-Hookean material contains only two
parameters (KI , T ) that cannot be determined from the

123



E. Bouchbinder et al.

0 1 2 3 4
−1.36

−1.34

−1.32

−1.3

−1.28

−1.26

r (mm)

u x(r
,0

) 
(m

m
)

0 1 2 3 4

0.05

0.1

0.15

0.2

r (mm)

ε yy
(r

,0
)

0 1 2 3 4
−1.4

−1.38

−1.36

−1.34

−1.32

−1.3

−1.28

r (mm)

0 1 2 3 4

0.05

0.1

0.15

0.2

r (mm)

0 1 2 3 4

−2.1

−2

−1.9

−1.8

−1.7

r (mm)

0 1 2 3 4

0

0.05

0.1

0.15

r (mm)

a b c

Fig. 8 Top Measured ux(r, 0) (circles) fitted to the x compo-
nent of Eq. (14) (solid line) for a v = 0.20Cs with KI =
1,070Pa

√
m, T = −3,150Pa and B = 18. b v = 0.53Cs with

KI =1,250Pa
√

m, T =−6,200 Pa and B =7.3 and c v=0.78Cs

with KI = 980Pa
√

m, T =−6,900Pa and B =26 Bottom corre-
sponding measurements of εyy(r, 0)=∂yuy(r, 0) (circles) com-
pared to the weakly nonlinear solution (cf. Eq. (14)) where KI ,

T and B are taken from the fit of ux(r, 0). (dashed lines) LEFM
predictions (analysis as in Livne et al. (2008)) were added for
comparison. In the left panels we added (dashed-dotted lines) the
weakly nonlinear solution where B is theoretically determined
(see text for details) using KI =1,040Pa

√
m and T =−2,800Pa.

The results are nearly indistinguishable from those obtained with
B as a free parameter (solid lines)

asymptotic solution and therefore must be extracted
from the experimental data. However, we first follow
Bouchbinder et al. (2008) and use Eqs. (14), (17) and
(21)–(23) with an additional parameter, say B, as a free
fitting parameter in a comparison to the experimental
data. In Fig. 8 we present the resulting comparison for
ux(r, 0) and εyy(r, 0) with v/Cs =0.20, 0.53 and 0.78.

The agreement with the experimental data is excel-
lent. These results demonstrate the existence of the
predicted 1/r singular terms near the crack tip. For
the highest velocity, v = 0.78Cs , the measured val-
ues of εxx = ∂xux approach 0.35 near the tip (not
shown) and higher than second order nonlinearities are
needed in order to obtain an accurate description of
the deformation. Nevertheless, the second order the-
ory already avoids an intuitive conundrum that is sug-
gested by LEFM; at high velocities (v > 0.73Cs for
an incompressible material) LEFM predicts (dashed
line in Fig. 8c) that εyy(r, 0) (derived from Eq. (17))
becomes negative. This implies that εyy(r, 0) decreases

as the crack tip is approached and becomes compres-
sive. This is surprising, as material points straddling
y = 0 must be separated from one another to precipi-
tate fracture. Thus, the second order nonlinear solution
(solid line), though applied beyond its range of valid-
ity, already induces a qualitative change in the char-
acter of the strain. This striking manifestation of the
breakdown of LEFM demonstrates that elastic nonlin-
earities are generally unavoidable, especially as high
crack velocities are reached.

We now use the complete quasi-static weakly non-
linear solution presented in Eq. (30), where no addi-
tional free parameters beyond KI and the T-stress are
needed. To perform this comparison, two issues should
be addressed. First, we note that the lowest propaga-
tion velocity data in Fig. 8 corresponds to v = 0.2Cs ,
while the solution in Eq. (30) corresponds to the limit
v → 0. We therefore replace the quasi-static order ε

part of Eq. (30), i.e. the standard K-field, by its dynamic
counterpart for v = 0.2Cs (see Eq. (17)). Second,
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Fig. 9 The measured crack tip profile (φy(r,±π) vs. φx(r, π))
at v = 0.20Cs (circles). Shown are the parabolic LEFM best fit
(dashed line) and the profile predicted by the weakly nonlinear
solution (light dashed-dotted line) with KI = 1,070Pa

√
m and

T = −2,800Pa. The values of KI used here and in Fig. 8 dif-
fer by a few percent. This is consistent with the omission of the
correction of order T/µ mentioned below Eq. (20)

in these measurements a non-negligible T-stress con-
tribution exists. We, therefore, add the T-stress terms
appearing in Eq. (17) (with λ̃ = 2µ to account for
incompressibility) to Eq. (30).

The resulting weakly nonlinear solution, with KI =
1,040Pa

√
m and T = −2,800Pa, is plotted in dashed-

dotted lines in the left panels of Fig. 8. The agreement
between the weakly nonlinear theory and the experi-
ment is still excellent (solid lines), where now no free
parameters beyond KI and T are used. Moreover, the
values of KI and T used here are close (to within 3%
and 10%, respectively) to values obtained when B is
left as a free parameter, demonstrating that the experi-
mentally selected B is wholly consistent with the the-
oretically determined value.

For completeness, we compare the CTOD predicted
by the quasi-static weakly nonlinear solution with the
measured one in Fig. 9. The agreement is very good and
explicitly demonstrates the existence of log r displace-
ment terms that are responsible for the deviation from a
parabolic CTOD observed in Fig. 9. We conclude that
the weakly nonlinear solution in which only KI (and
T in this particular case) is a free parameter agrees
well with the experimental data. The results presented
in Figs. 8 and 9 provide compelling evidence that in
the near-tip region nonlinear elasticity is both impor-
tant and correctly described by the weakly nonlinear
fracture mechanics theory described here.

6 Summary and discussion

The results of this study provide compelling evidence
that strong nonlinear elastic effects must occur in the
near-tip region that is sandwiched between areas where
small deformation is well-described by LEFM and the
dissipative region embodied deep within the process
zone. We have shown that the scale of this region
is delineated by a dynamic lengthscale, �nl , from a
crack’s tip. At this scale the weakly nonlinear theory
derived here is both applicable and provides an excel-
lent description of the measured deformation fields.
�nl is an important scale as it denotes the scale where
LEFM breaks down, second order displacement-gradi-
ents become non-negligible compared to the first order
ones, and deformation-dependent material behavior
(Gao 1996; Buehler et al. 2003; Buehler and Gao 2006;
Bouchbinder and Lo 2008) must initiate.

There are a number of independent indications that
such a lengthscale may be essential for understand-
ing the complicated dynamics that cracks undergo at
high velocities. Several of the major puzzles in dynamic
fracture are associated with the onset of crack tip insta-
bilities. The experiments in the rapid tensile fracture
of amorphous brittle materials that we have reviewed
here have shown that a sharp transition from the state
of a single propagating crack to one of an ensemble
of cracks occurs at a critical velocity (Fineberg and
Marder 1999). Beyond the appearance of small-scale
cracks, this instability gives rise to a plethora of impor-
tant large-scale effects which include the formation of
non-trivial structure on the fracture surface, large veloc-
ity fluctuations, and a large apparent increases of the
fracture energy with crack velocity. Numerous experi-
ments (Boudet et al. 1995; Fineberg and Marder 1999;
Gross et al. 1993; Hauch and Marder 1998; Livne et al.
2005; Sharon and Fineberg 1998) and numerical simu-
lations (Abraham 2001; Abraham et al. 1994; Buehler
and Gao 2006; Marder and Gross 1995; Miller et al.
1999; Xu and Needleman 1994) have shown the micro-
branching instability to be a characteristic property of
brittle fracture. As we have demonstrated here, even the
detailed phenomenology of this instability possesses a
universal nature, in materials that have wholly differ-
ent microstructures and dissipative mechanisms. This
universality suggests that the origin of crack instabili-
ties should not be “hidden” at scales where the mate-
rial microstructure becomes important since we would
be hard-pressed to explain how materials with such
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vastly different microscopic properties lead to iden-
tical dynamics. The fundamental origin of this insta-
bility has been the subject of much interest for some
time.

In addition to the micro-branching instability, we
have reviewed an additional oscillatory instability,
that is excited when micro-branching is suppressed.
Although the onset of these oscillations may exist in
LEFM, the accompanying length/time scales described
by experiments have no theoretical counterparts. Where
does this plethora of puzzling phenomenology lead us?
On the one hand, LEFM has been shown to provide
an impressively successful description of many aspects
of fracture. In particular, LEFM provides an excellent
description of fracture dynamics as long as a straight
single-crack state exists (Sharon and Fineberg 1999).
On the other hand, the straight single-crack states that
are so well described by this theory turn out to be frus-
tratingly stable when perturbed (Fineberg and Marder
1999). The origin of these and the other dynamical
effects described above must, therefore, lie in areas
that are not included within the overall framework
described by LEFM.

It appears that all of these intriguing effects seem
to involve intrinsic/dynamical length scales that can
not exist in linear elastic (scale-free) descriptions.
Marder (Fineberg and Marder 1999) has suggested that
the existence of a small inherent length scale (e.g. the
spacing between atoms in lattice models) could be a
necessary condition to excite instability. This suppo-
sition is supported by finite element calculations of
fracture that utilize a cohesive zone formulation in
the vicinity of the crack tip (Miller et al. 1999; Xu
and Needleman 1994). Using a finite grid size, these
calculations entirely reproduce the appearance of both
micro-branching and many related experimental obser-
vations. These results, however, entirely disappear
when the simulation grid size is taken to zero (Falk
et al. 2001). We suggest that the weakly nonlinear the-
ory described here, with its associated dynamic length-
scale �nl , may serve as promising starting point for
the development of a comprehensive theory of frac-
ture dynamics. It is obvious that all fracture processes
must involve nonlinear elasticity, to some degree. Lin-
ear elastic fields will certainly serve to transport elastic
energy to and away from the vicinity of a crack’s tip.
Fracture (i.e. breaking bonds), however, involves local
deformation of materials to such a degree that non-
linear elastic effects must come into play well before

separation of bonds can take place. Both the univer-
sality of instabilities and the common lengthscale that
seem to arise, suggest that the dynamic “mesoscop-
ic” scale that naturally arises in the weakly nonlinear
theory could be related to these effects. Indeed, the
weakly nonlinear lengthscale �nl was recently incor-
porated into a new crack tip equation of motion that
predicts the appearance of an oscillatory instability
(Bouchbinder 2009) in agreement with the experi-
mental observations of Livne et al. (2007). Hence
the weakly nonlinear theory might be a reasonable
theoretical starting point to explain these effects. The
emergence of this natural dynamic lengthscale may,
therefore, be of prime importance in developing a com-
plete fracture theory.
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