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Abstract 
Experiments in brittle, amorphous PMMA indicate that the process of dynamic fracture is 
governed by a micro-branching instability. At a critical velocity, vc, a single crack 
undergoes an abrupt, well-defined transition to microscopic crack branching. As a result, 
the velocity of the crack develops oscillations, the mean acceleration decreases and 
structure is formed on the fracture surface. Beyond vc the total fracture surface created is 
a linear function of the energy release rate. Micro-branch profiles follow a power law and 
develop into macroscopic crack branching. 
 
1. Introduction 
 The subject of the rapid propagation of cracks in a brittle material is one whose 
roots go back to the early work of Mott1 over half of a century ago. Since that time a 
great deal of both analytic and experimental work has been dedicated to understanding 
the phenomenon of dynamic fracture, where the behavior of a moving crack driven by 
externally imposed stresses is studied.  
 Much analytical progress has been made in assuming that the medium behaves 
according to the equations of linear elasticity2. To obtain the equation of motion for  a 
single moving crack, one needs to match the fracture energy of the material (defined as 
the energy needed to create a crack of unit length) to the energy flux into the crack tip 
which is supplied by the surrounding elastic fields. These theories predict that a single 
crack should smoothly accelerate until reaching a limiting velocity given by the Rayleigh 
wave speed, VR, of the material. The motion of the crack in this picture is dictated by the 
forms of both the applied stresses and the fracture energy in the material.  
 Experiments fail to confirm this idealized picture. The surface created by the 
crack is not necessarily smooth and flat. In brittle materials such as glass, ceramics and 
brittle plastics a characteristic pattern3 coined "mirror, mist, hackle" is observed where 
the fracture surface progressively roughens as the velocity of the crack increases. The 
velocity of the crack, instead of approaching the Rayleigh wave speed, will rarely reach 
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even half of this value4, with the crack eventually bifurcating (or "crack branching") as 
the energy flow into the crack tip becomes sufficiently large.  
 An alternative view of the fracture process was suggested by Ravi-Chandar and 
Knauss5. In a series of experiments on the brittle plastic, Homolite 100, they observed 
the simultaneous propagation of an ensemble of micro-cracks, instead of a single 
propagating crack. In light of this, they viewed the fracture process as a coalescence of 
micro-voids or defects situated in the crack's path. The intense stress field at the crack tip 
would cause pre-existing defects in the material to propagate. Subsequently, increased 
energy flux to the tip, in this view, forms an increase in the number of micro-cracks 
thereby creating a mechanism for enhanced dissipation. As defects exist in most 
materials, the above picture would suggest that crack propagation via interacting micro-
voids should, in general, occur as a randomly activated process.  
 In this paper we will briefly review a series of recent experiments performed on 
brittle PMMA (poly-methyl-methacrylate). The results of these experiments offer a 
different view of the fracture process which complements both of the above approaches. 
The formation and evolution of micro-cracks result from a dynamic instability of a 
moving crack. These experiments show that a sharp transition6 from a state of a single 
propagating crack to one of an ensemble of cracks occurs as the crack velocity increases. 
Above the critical velocity of vc=0.36VR, a single crack undergoes a local change in 
topology and sprouts small microscopic side branches7. The dynamics of both the main 
and local branches (micro-branches) are inter-related. As a function of the mean velocity, 
v, these branches will increase in length as the mean dynamics of a crack change 
dramatically; the mean acceleration drops, the crack velocity develops oscillations and 
structure is formed on the fracture surfaceError! Bookmark not defined.,8. As the branches 
grow in size, they evolve into macroscopic, large scale crack branches. Thus the 
instability links the behavior of crack branches on both microscopic and macroscopic 
scales. The general nature of this instability is suggested by the acoustic emissions9 of 
moving cracks in both PMMA and glass where large amplitude emissions centered at 
well defined frequencies appear in both materials as the crack velocity surpasses 0.4VR. 
 Quantitative measurement10 in PMMA of the energy flux into the tip of a 
moving crack together with the total amount of surface area created indicates that the 
micro-cracking instability is the main mechanism for the dissipation of energy by a 
moving crack. The rate of new surface creation, beyond vc, is proportional to the energy 
flux into the tip of the crack. This provides an explanation for why the limiting velocity 
of a crack, the Rayleigh wave speed, is never realized. 
2. Experimental System 
 Before reviewing these results we will first briefly describe the experimental 
system. A more detailed description can be found in [Error! Bookmark not 
defined.]. The experiments were conducted in thin, quasi - 2D sheets of brittle, cast 
PMMA11 having a thickness (Y direction) of either 0.8 mm or 3 mm with vertical 
(parallel to the direction of applied stress or "Z" direction) and horizontal (parallel to the 
propagation or "X" direction) dimensions between 50-200 mm and 200-400 mm 
respectively. Stress was applied to all samples via uniform displacement of the vertical 
boundaries with the fracture initiated at constant displacement. Applied stresses in the 
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experiment were varied between 10-18 MPa. Prior to loading, a small "seed" crack was 
introduced at the edge of the sample midway between the vertical boundaries. The 
sample geometry was varied to provide either steady-state crack propagationError! 
Bookmark not defined. at a given energy density within the sample, or a continuously 
changing velocity throughout the experiment. 
  Steady-state propagation was achieved by using a thin strip configuration with 
the ratio of its vertical to horizontal dimensions between 0.25 - 0.5. If the crack tip is 
sufficiently far from the horizontal boundaries of the system this geometry approximates 
an infinitely long strip with approximate "translational invariance" in the direction of 
propagation. This state is realized when the crack reaches a length of about half of the 
vertical size of the system. At this point, advance of the crack by a unit length frees an 
amount of energy equal to the (constant) energy per unit length stored in the plate far 
ahead of the crack.  
  Under these conditions a crack arrives at a state of constant mean velocity with 
G, the energy flux into the crack tip per unit extension of the crack, given by G = 
σ2L/(2E) where σ is the applied stress at the vertical boundaries, L the vertical size of 
the system and E the Young's modulus of the material12. Using this geometry we can 
directly measure G with an 8% accuracy. In the experiments described, G was varied 
between 400-5000 J/m2.  
  The crack velocity was measured by first coating the side(s) of the sample with 
a thin (~ 1000 Å) resistive layer. Upon fracture initiation, a propagating crack will cut the 
resistive coating thereby changing the sample's resistance. We measure the resistance 
change by digitizing to 12 bit accuracy at a rate of 10 MHz. Thus, in PMMA, the location 
of the crack tip can be established to a 0.1mm spatial resolution at 0.1µsec intervals 
yielding a velocity resolution of better than 25 m/s.  
 After fracture, the crack profile in the XZ plane was measured optically with a 
spatial resolution of 1-5µm depending on the magnification used.  Although the medium 
is idealized as 2D, the plates used are of finite thickness. All comparisons between local 
branches and the crack velocity were made using branches adjacent to the plane where 
the velocity measurements were performed. Additional measurements of the fracture 
surface profiles and surface roughness were performed by means of an X-Y scanning 
profilometer with a resolution of 0.1µm in the Z direction. Both the optical and 
profilometer measurements were then correlated with the velocity measurements.  
3. Results 

 A typical example of the dynamics of a moving crack in PMMA is shown in 
figure 1. After a nearly instantaneous jump to an initial velocity of 0.1-0.2VR a crack  
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Figure 1. Velocity of the crack tip as a function of its length. At the critical velocity of 335 ± 10 m/s indicated 
by the arrow, the mean acceleration of the crack slows and the velocity begins to oscillate. 
will accelerate smoothly and rapidly until reaching a critical propagation velocity, vc, 
which in  PMMA is 335 m/s (or 0.36VR). At that point the mean acceleration of the 
crack drops and oscillations of the velocity are observed whose amplitude is an 
increasing function of the mean velocity.  
 Coincident with the onset of the velocity oscillations in PMMA non-trivial 
structure is formed on the fracture surface as shown in figure 2. In the upper half of the 
figure the transition between the featureless "mirror" zone where v < vc to the onset of 
the oscillations where v ~ vc is shown. In the mirror zone there are no features at scales 
larger than 1µm. The lower half of the figure shows a section of the fracture surface 
where the oscillations in v are well developed and a pattern with a "wavelength" on the 
order of  1mm is formed. On this scale PMMA is entirely amorphous. 
 Although the pattern observed appears roughly periodic as a function of the 
length of the crack, as the crack tip accelerates the distance between the ribs on the 
surface increases. The observed pattern on the fracture surface is correlated with the 
oscillations in velocityError! Bookmark not defined.. In figure 3 we present a 
typical time series and power spectrum  
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Figure 2. A typical photograph of the fracture surface in PMMA for v < vc (upper left), v~vc (upper right) and 
v > vc (lower figure) where a pattern develops on the surface. In the figure the crack propagates from left to 
right. The pictures are to scale, where the width of the samples shown is 3 mm.  
 
of the velocity of a crack in steady-state propagation.  Beyond vc the patterns and 
velocity oscillations are roughly periodic as a function of time with a characteristic time 
scale of 2-3 µsec. Power spectra typically show no single sharp frequency although a 
well-defined time scale is apparent. The location of the peak is constant as a function of 
the mean velocity. The oscillation period is an intrinsic time scale, independent of either 
the lateral dimensions or thickness of the material. Below vc the spectrum has little 
power with no apparent time scale.   
 The acoustic emissions of a running crack in both PMMA and soda-lime glass 
[Error! Bookmark not defined.] show similar behavior. Below 0.4VR only very 
low-level sound emission is observed in both materials with large amplitude, peaked 
emissions above that point. In both cases the total acoustic power was approximately 3% 
of the fracture energy. In PMMA, the characteristic time of the acoustic signal is the 
same as in the crack velocity oscillations. Subsequent experiments [Error! 
Bookmark not defined.] indicate an excellent degree of correlation  between the   
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Figure 3. The steady-state velocity of a crack propagating in PMMA beyond vc as a function of time (upper), 
with its corresponding power spectrum (lower). Note the existence of a well-defined time scale.  
 
acoustic signals and the velocity fluctuations. The quantitative similarity of the acoustic 
emission spectra in both glass and PMMA is a strong indication of the generality of this 
instability as the microscopic structures of the two materials differ substantially. 
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Figure 4. Critical velocity as a function of crack length at the moment of the appearance of surface structure. 
triangles, 1.6 mm wide extruded PMMA surrounded by air; circles, 3.2 mm wide cell-cast PMMA surrounded 
by air; squares, 3.2 mm wide cell-cast PMMA surrounded by helium gas. 
 
 The critical velocity, as determined from profile measurements of the fracture 
surface, is the velocity at which the surface height deviations surpass a threshold value 
(for details see [Error! Bookmark not defined.]). As figure 4 indicates, the value 
of vc is independent of sample  
geometry, sample thickness, applied stress, surrounding atmosphere and the acceleration 
rate of the crack; whenever the crack velocity surpasses 0.36VR both oscillations and  
resultant surface structure develop. Below vc neither patterns nor velocity oscillations are 
observed.  
 We now turn to the mechanism that drives the instability. Optical analysis of the 
near vicinity of the fracture surface reveals, beyond vc, considerable structure in the XZ 
plane. For v > vc microscopic crack branches, as observedError! Bookmark not defined. in 
Homolite 100, appear. Profiles in the XZ plane both below and above vc are presented in 
figure 5.  
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ý  
Figure 5. Typical examples of micro-branches imaged optically in the XZ plane. All pictures are to scale and 
the path of the main crack in each picture is indicated in white. The arrow, indicating the direction of 
propagation, 0.25 mm in length. (a) v < vc = 330 m/s (b) v = 340 m/s (c) v = 400 m/s (d) v = 480 m/s. 
 
 Below vc (Fig 5a), as in the profilometer measurements, the fracture surface is 
entirely featureless to the resolution ( ~ 3µm) of our measurements. Beyond vc 
microscopic "daughter" cracks begin to appear. In PMMA micro-branches have a 
minimum length of approximately 10 µm. At velocities near threshold, as in Fig. 5b, the 
spacing between branches is relatively large. As the velocity of the crack increases, 
bunches of  micro-branches are seen. Within a bunch, the lengths of the individual 
branches in a bunch can vary considerably. The spacing between bunches of cracks 
corresponds to that between velocity fluctuations. For relatively high crack velocities 
(Fig. 5d) the structure of the micro-branches becomes increasingly complex.  
 In figure 6 we demonstrate that the velocity for the onset of micro-branching 
indeed corresponds to vc, the critical velocity for the onset of both surface roughness and 
velocity oscillations. Although the final crack velocity achieved depends on the energy 
stored in the medium, as the figure indicates, the onset of local crack branching is 
invariant.  
 We now turn to the relation between micro-branches and crack dynamics. Upon 
the onset of the branching instability we can no longer think in terms of a single crack.  
To characterize the ensemble behavior, we look at the running averages over 5mm of 
both the crack velocity and  micro-branch length. In figure 7a we plot the mean branch 
length as a function of the mean velocity. The transition to branching behavior is sharp 
with a well-defined (roughly linear) dependence between the mean crack velocity and 
mean branch length.  
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Figure 6. The critical velocity for the onset of local crack branching (squares)  and the maximum velocity 
achieved (triangles) as a function of the density of the energy stored in the plate prior to fracture. The energy 
density here is normalized by the energy density stored in a plate in which the maximum velocity observed was 
just below the threshold for crack branching. The data shown were obtained in 3 mm plates of different sizes 
and aspect ratios indicating that the branching threshold is intrinsic to the material.  
 
 In figure 7b we present measurements of the mean amplitude of the fracture 
surface as a function of the mean crack velocity. As in the case of the branch lengths (fig. 
7a) the sharp transition at vc from a flat, featureless surface to an increasingly rough 
surface is evident. Note the difference in scale between the branch lengths and the 
surface amplitudes with the branch length nearly two orders of magnitude larger.  
 In summary, the onset of local branching occurs as a sharp transition; beyond vc 
both the mean dynamics of the crack as well as the formation of non-trivial surface 
structure are governed by the generation and growth of local crack branching.  
  We now turn to the functional form of the micro-branchesError! Bookmark not 
defined.. As can be seen from figure 5, at a given crack velocity the observed lengths of 
the micro-branches are broadly distributed. In figure 8 we superimpose micro-branches 
that were measured at the same mean crack velocity. It is evident from the figure that the 
functional form of these branches is not random but surprisingly well-defined. Although 
the lengths of micro-branches have a wide distribution, a branch, once formed, follows a 
distinct trajectory. A log-log plot (figure inset) of the mean profile of the branches shown 
in the figure indicates that a branch follows a power law trajectory of the form:  y = 0.20⋅
x0.70 where y is the normal and x the direction parallel to the propagation direction of the 
main crack. The data shown were obtained for v = 370m/s = 1.09vc. For crack velocities 
within 10% of vc the superposition of individual trajectories exhibits remarkably little 
scatter. Although the functional form of the mean branch profile remains the same, the 
scatter increases with increasing crack velocity reaching several times the measurement 
uncertainty at velocities 40% over vc. (The scatter for low velocities is on the order of 
the ± 3µm uncertainty in the starting point of a given branch.)  
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Figure 7. A comparison of the mean length of micro-branches (a) and the mean amplitude of the fracture surface 
(b) with the mean  crack velocity for a number of different experiments. The branch length, surface amplitude, 
and velocity measurements were averages over 5 mm intervals. The arrow indicates vc, the transition velocity 
for the instability. Note both the sharpness of the transition and the large different in the scales of the two 
figures. As in figure 6, the experiments shown were performed under different stresses and plate geometries. 
 
 How are micro-branches related to macroscopic, large scale crack branches? 
Consider the branching angle of the crack, defined as the initial angle between a 
branched crack and the direction of propagation of the main crack. Previous experiments 
have observed that the macroscopic branching angle13 falls in the range of 10-15°. 
Although often observed, a first principles understanding of crack branching including a 
well-defined criterion for the appearance of crack branches together with a description of 
the branching angle is lacking. There are a number of predictions for this angle in the 
literature. The well known Yoffe calculation14 predicts an angle of 60°, branching angles 
of 30° were observed in molecular simulations15, and an angle of 18° was predicted16 
using an energy criterion and considering non-singular terms of the stress field, relevant 
away from the near vicinity of the crack tip. The functional form of the crack branch 
profile suggests that the observed "branching angle" is a function of the scale at which an 
observation is made. 
 The power-law form of the micro-branches relates the microscopic and 
macroscopic scales. At scales of 0.1-0.3mm the branching profile would indeed produce 
apparent branching angles that would fall within the range noted in the literature as 
theories based on non-singular terms of the stress field predict. At the smallest scales one 
would expect the singular terms in the stress field to dominate thereby giving rise to large 
branching angles. The apparent branching angle at the smallest scale observed in our 
experiments (on the order of 5-10 µm) is about 30° but at still smaller scales we might 
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expect to see a larger angle. The basic question of the mechanism causing crack 
branching, in this picture, reduces to the as yet unresolved question of the exact 
mechanism giving rise to the microscopic instability. 
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Figure 8.  The superposition of 12 different micro-branches occurring at a mean crack velocity of 370 m/s. All 
data were taken in a single XZ plane. (inset) A log-log plot of the mean trajectory obtained. The dashed line 
indicates a power-law fit to the data; y = 0.20⋅x0.70 . 
 

 How does the local branching process relate to the energy flow into the crack 
tip? Experiments performed in the long strip geometry enable us to measure the energy 
flux (or energy release rate), G, into the crack tip in "steady-state" propagation. We can 

compare this with the total amount of fracture surface formed when the surface area  
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Figure 9. Total fracture surface including the fracture surface formed by micro-cracks normalized by the 
fracture surface that would be formed by a single crack as a function of the energy flux into the crack tip. 
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formed by the micro-branches is accounted for. This comparison is shown in figure 9 for 
fracture in PMMA where the surface area formed is normalized by that which would be 
formed by a single crack. Normalizing G by the energy release rate immediately 
preceding the formation of micro-branches (1.0 x 106 erg/cm2) leads, after an initial 
jump, to a linear dependence between the energy flux into the crack tip and the amount 
of surface area formed having a slope of 1.0 ± 5%.  This indicates that nearly all of the 
energy initially stored in the plate went into creating new surface. The value of the slope 
yields the constant value for the fracture energy of  5 x 105 erg/cm2. This is surprising in 
view of the processes that contribute to the fracture energy in PMMA. The value 
obtained for the fracture energy is 3 orders of magnitude larger than the value of the 
surface energy (the energy expended in breaking bonds in the material). Most of the 
energy that goes into the fracture energy17 is expended in complex, rate dependent, 
processes such as the shearing of the long molecules comprising PMMA. A constant 
fracture energy for v > vc indicates that the system somehow balances these different 
processes against the creation of surface area.   
4. Conclusions 
 We have found that a micro-branching instability occurs in PMMA where, at a 
critical velocity, the system undergoes a sharp transition from the propagation of a single 
crack to the production of microscopic branches. The micro-branches formed are short-
lived, possibly screened from the stress field that drives them by the main crack. As a 
result, the birth and death of these micro-cracks causes oscillations in the velocity of the 
crack "ensemble".  
 A possible scenario for these oscillations is as follows. When a micro-branch is 
formed, the total energy flowing into the process zone (or tip area) now must subdivide 
between the two competing cracks. As a result, the overall crack slows down. Eventually, 
the main crack will outrun the daughter crack, screening it from the stress field that 
drives it. As the daughter crack dies, the total energy is refunneled into the main crack 
which accelerates until it, once again, bifurcates and the scenario is repeated.  The time 
scale for the oscillations in this picture should be governed by the mean "lifetime" of a 
branch. We can estimate this lifetime by means of figure 7a which exhibits a linear 
dependence between the mean length of a branch and the mean propagation velocity of 
the crack. The slope of this graph yields a time scale of 2µsec, the typical time scale for 
the oscillations. 
 The micro-branching picture also links together many hitherto unrelated aspects 
of dynamic fracture. As we have shown, the onset of local branching gives rise to the 
formation of structure on the fracture surface. In addition, as the micro-branches increase 
in size the power law form of their trajectory provides a link between branching on 
microscopic and macroscopic scales; essentially indicating that the two effects are one 
and the same. Thus, the onset of the micro-branching instability provides a criterion for 
crack branching. The instability also provides an explanation for the long-standing 
problem of the limiting velocity of a crack. As the energy flux into the tip of a crack is 
increased, more and more fracture surface is formed. As figure 9 shows, the amount of 
fracture surface formed by both the main and "daughter" cracks is linearly dependent on 
the amount of stored energy. Thus, although the fracture energy (generalized to the total 
fracture surface formed) is constant in the material, the steady increase in the formation 
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of surface area by the crack provides an effective "dissipation" if one were to view 
fracture in a single crack picture. For a given energy flow into the system this effective 
dissipation then limits the velocity attained by the crack.  
 The view presented here of the fracture process is similar to that of the micro-
crack picture proposed in [Error! Bookmark not defined.], but differs from it in one 
essential aspect. In the micro-crack picture the propagation of a crack is a noise-
dominated process; a single crack never really exists. A propagating crack is viewed as 
an ensemble of micro-cracks that nucleate from defects or micro-voids that are randomly 
dispersed in the material and are activated by the strong stress field in the vicinity of the 
crack's tip. In the picture presented here, a sharp, well defined transition to a branching 
instability occurs when a single crack dynamically becomes unstable and bifurcates. 
Although, because of pre-existing defects in the material, there is certainly a randomness 
involved, we view the fracture process, on a whole, to be a deterministic one. 
 The picture presented here is, of course, just a beginning. Much additional work 
remains to be done. Some of the many questions which arise are, for example, what is the 
basic mechanism giving rise to microscopic branching  at a critical velocity? What 
determines vc and how general are the effects observed in PMMA? Acoustic emission 
data provide an indication that the instability generally occurs in brittle, amorphous 
materials but what, if any, effects persist in more plastic materials or materials that posses 
a basic structure? 
 The authors are grateful to M. Marder for numerous enlightening conversations 
over the course of this work. We also would like to acknowledge the United States - 
Israel Binational Science Foundation (grant no. 92-148) for their support of this work. 
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