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�Everything should be made as simple as possible,
but not simpler� - Albert Einstein

Ŝ = =
∑(

QGQ̂
)

, F =
δŜ

δx̂

Bead + string (elastic �eld)

Electric charge + EM �eld

2-Body system + GR �eld
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Fext

x

y(t)

T, λ

m

φ(x, t)

S =

∫
dt
[m
2
ẏ2−Uext

]
+

∫
dtdx

[
λ

2
φ̇2−T

2
φ′2
]
−
∫
dtQ(t) [φ(x=0)−y]

=⇒ φ(x = 0, t) = y(t) ,

�φ =
[
c−2∂2t −∂2x

]
φ = −δ(x)Q(t)/T , c2 = T/λ

=⇒ φ(x, t) =

{
y(t− x/c) x > 0
y(t + x/c) x < 0

=⇒ Q = T [(∂xφ)|0+−(∂xφ)|0− ] = − 2 Z ẏ , Z =
√
λT

Ofek Birnholtz CCGRRA15, University of Winnipeg

An action for reaction



Motivation A bead on a string EM - ALD Gravitational Waves Conclusions Appendices

Fext

x

y(t)

T, λ

m

φ(x, t)

S =

∫
dt
[m
2
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√
λT

Ofek Birnholtz CCGRRA15, University of Winnipeg

An action for reaction



Motivation A bead on a string EM - ALD Gravitational Waves Conclusions Appendices

Fext

x

y(t)

T, λ

m

φ(x, t)

S =

∫
dt
[m
2
ẏ2−Uext

]
+

∫
dtdx

[
λ

2
φ̇2−T

2
φ′2
]
−
∫
dtQ(t) [φ(x=0)−y]

=⇒ φ(x = 0, t) = y(t) ,

�φ =
[
c−2∂2t −∂2x

]
φ = −δ(x)Q(t)/T , c2 = T/λ

=⇒ φ(x, t) =

{
y(t− x/c) x > 0
y(t + x/c) x < 0

=⇒ Q = T [(∂xφ)|0+−(∂xφ)|0− ] = − 2 Z ẏ , Z =
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Field doubling

An e�ective action for φ (kinetic term & source term):

S =
T

2

∫
dtdx

[
1

c2
φ̇2−φ′2

]
+ 2 Z

∫
dt ẏ φ(x = 0)

Double the �eld and the source
In our interpretation: a mirror or "sink", absorbing radiation

φ→ φ̂ , Q→ Q̂ =
δQ

δy
ŷ

Doubled action:

Ŝ
[
φ, φ̂; Q, Q̂

]
=

∫
ddx

[
δS

δφ
φ̂+

δS

δQ
Q̂

]
= T

∫
dtdx ∂µφ∂

µφ̂+ 2 Z

∫
dt
(
ẏ φ̂(0) + ˙̂y φ(0)

)
=

∫
dω

2π

[
Z

c

∫
dx φ̂

(
ω2+∂2x

)
φ− 2iωZ

(
yφ̂(0)+ŷ φ(0)

)]
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Ŝ
[
φ, φ̂; Q, Q̂

]
=

∫
ddx

[
δS

δφ
φ̂+

δS

δQ
Q̂

]
= T

∫
dtdx ∂µφ∂

µφ̂+ 2 Z

∫
dt
(
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Feynman rules

Directed propagator (non-hatted → hatted)

L x

x′

= Gω(x′, x) = −c e
iω
c
|x−x′|

iω Z

Source vertex

−Qω ≡ = − iω Zyω

Hatted source vertex

−Q̂∗ω ≡ = + iω Z ŷ∗ω
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A bead on a string - results

Radiation (x > 0)

φω(x) =

x

= c yω e
iω x/c =⇒ φ(t, x) = y(t− x

c
)

Radiation-Reaction e�ective action

ŜRR = + c.c. =

∫
dω

2π
Q̂∗ω Gω(0, 0)Qω + c.c.

=

∫
dω

2π
iω Z ŷ∗ω yω + c.c. = −2 Z

∫
ŷ ẏ dt

Radiation-Reaction (Self-) Force

damping

FRR =
δŜRR
δŷ

= − 2 Z ẏ
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Electromagnetism in d dimensions

S = − 1

4Ωd̂+1

∫
FµνF

µνrd̂+1drdΩd̂+1dt

−
∫

AµJ
µrd̂+1drdΩd̂+1dt

(D := d− 1 , d̂ := d− 3 , c = 1)

Di�erent, more, or both?

In the right basis, only a little more, and a little di�erent!
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Electromagnetism - intermediate basis

Multipoles = (solid) spherical harmonics, scalar & vector

At/r =

∫
dω

2π

∑
L

ALω
t/rxLe

−iωt , AΩ =

∫
dω

2π

∑
L

(
ALω
S ∂ΩxL+ALω

Vℵx
L
ℵΩ

)
e−iωt

Jt/r =

∫
dω

2π

∑
L

J
t/r
Lωx

Le−iωt , JΩ =

∫
dω

2π

∑
L

(
JSLω∂

ΩxL+JVℵLω x
ℵΩ
L

)
e−iωt

S =
1

2

∫
dω

2π

∑
L

N`,d̂SLω

SLω =

∫
drr2`+d̂+1

{[∣∣∣∣iωALω
r −

1

r`
(r`ALω

t )′
∣∣∣∣2 +

cs

r2

∣∣∣iωALω
S −A

Lω
t

∣∣∣2−cs
r2

∣∣∣∣ 1r` (r`ALω
S )′−ALω

r

∣∣∣∣2
+ cs

(
ω2

r2
−

cv

r4

) ∣∣∣ALω
Vℵ

∣∣∣2 − cs

r2

∣∣∣∣ 1r` (r`ALω
Vℵ)′

∣∣∣∣2
]

− Ωd̂+1

[
ALω
r Jr∗Lω + ALω

t Jt∗Lω + csA
Lω
S JS∗Lω + csA

Lω
VℵJ

Vℵ∗
Lω + c.c.

]}
N`,d̂ =

Γ(1 + d̂/2)

2` Γ(`+ 1 + d̂/2)
=

d̂!!

(2`+ d̂)!!
, cs := `(`+ d̂) , cv = cs + d̂− 1
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L

ALω
t/rxLe

−iωt , AΩ =

∫
dω

2π

∑
L

(
ALω
S ∂ΩxL+ALω

Vℵx
L
ℵΩ

)
e−iωt

Jt/r =

∫
dω

2π

∑
L

J
t/r
Lωx

Le−iωt , JΩ =

∫
dω

2π

∑
L

(
JSLω∂

ΩxL+JVℵLω x
ℵΩ
L

)
e−iωt

S =
1

2

∫
dω

2π

∑
L

N`,d̂SLω

SLω =

∫
drr2`+d̂+1

{[∣∣∣∣iωALω
r −

1

r`
(r`ALω

t )′
∣∣∣∣2 +

cs

r2

∣∣∣iωALω
S −A

Lω
t

∣∣∣2−cs
r2

∣∣∣∣ 1r` (r`ALω
S )′−ALω

r

∣∣∣∣2
+ cs

(
ω2

r2
−

cv

r4

) ∣∣∣ALω
Vℵ

∣∣∣2 − cs

r2

∣∣∣∣ 1r` (r`ALω
Vℵ)′

∣∣∣∣2
]

− Ωd̂+1

[
ALω
r Jr∗Lω + ALω

t Jt∗Lω + csA
Lω
S JS∗Lω + csA

Lω
VℵJ

Vℵ∗
Lω + c.c.

]}
N`,d̂ =

Γ(1 + d̂/2)

2` Γ(`+ 1 + d̂/2)
=

d̂!!

(2`+ d̂)!!
, cs := `(`+ d̂) , cv = cs + d̂− 1
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Electromagnetism - reduction to gauge invariant �elds 1

Scalar �eld & source:

Ar
Lω = − 1

ω2 − cs
r2

[
iω

r`
(r`At

Lω)′ +
cs
r`+2

(r`AS
Lω)′ − Ωd̂+1J

r
Lω

]
ÃLω
S : = ALω

t − iωALω
S

ρSLω : = −JtLω +
i

ωr`+d̂+1

(
r`+d̂+1 Λ

Λ− 1
JrLω

)′
, Λ :=

ω2r2

cs

Vector �eld & source:

ALω
Vℵ , ρVℵLω := JVℵLω
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Electromagnetism - reduction to gauge invariant �elds 2

More (2 xL xω) �elds , Di�erent wave equations

Scalar (�Electric�) �eld

ALω
E =

(
` r`−1(1− Λ)

)−1 (
r`(ALω

t − iωALω
S )
)′

ρ
AE
Lω =

∫
dΩd̂+1

rd̂xL

`+ d̂

[
i

ω rd̂−1

(
rd̂+1 Λ

Λ− 1
~Jw(~r)·~n

)′
−r2ρω(~r)

]′
0 = N`,d̂ r

2`+d̂+1 `

`+ d̂

(
ω2 + ∂2r +

2`+ d̂ + 1

r
∂r

)
AE − ρAELω

Vector (�Magnetic�) �eld

ALω
Mℵ = `ALω

Vℵ/r

ρ
AMℵ
Lω = `rd̂+1

∫
~Jw(~r)·

(
∗(~r ∧ ~∇)

)
ℵ
xLdΩd̂+1

0 = N`,d̂ r
2`+d̂+1 `+ d̂

`

(
ω2 + ∂2r +

2`+ d̂ + 1

r
∂r

)
AMℵ − ρ

AMℵ
Lω
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EM Feynman rules in general d

Directed propagator, from solution of wave equation

L r

r′

= G
AE/AMℵ
ret (r′, r) = −iω2`+d̂M`,d̂R

E/M
1 j̃α(ωr<) h̃+

α(ωr>)δLL′ ,

RE
1 =

`+d̂

`
, RM

1 = 1/RM
1 , α = `+

d̂

2
, M`,d̂ =

π

22α+1N`,d̂ Γ2(α+1)

�Electric� & �Magentic� source vertices

≡−Q(E)
Lω = −

∫
dr′ j̃α(ωr′)ρ

AE
Lω (r′)

=
1

`+ d̂

∫
dDx′x′L

[
iω j̃α(ωr′)~Jω(~x ′) · ~x′ −

1

r′`+d̂−1

(
r′`+d̂ j̃α(ωr′)

)′
ρω(~x ′)

]

≡−Q(M,ℵ)
Lω = −

∫
dDx̃jα(ωr)

(
∗(~r∧~Jw(~r))

)ℵ
(k`

xL−1)
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EM in general d - results

Radiation-Reaction e�ective action:

ŜRR =
AE

+
AM

=
1

2

∫
dω

2π

∑
L,L′

[
Q

(E)
Lω GAE

ret (0, 0) Q̂
(E)∗
L′ω + Q

(M,ℵ)
Lω GAMℵ

ret (0, 0) Q̂
(M,ℵ)∗
L′ω

]
+c.c.

=

∫
dt
∑
L

(−)`+
d̂+1
2

d̂!!(2`+d̂)!!

`+d̂

`
Q̂

(E)
L ·∂2`+d̂t QL

(E) +
`2d̂ Q̂

(M)
L ·∂2`+d̂t QL

(M)

(`+1)(`+d̂−1)



Radiation-Reaction (Self-) Force (on a point-charge in d dimensions)

~FALD =
δŜRR

δ~̂x
= q2

(−)
d

2 (d− 2)

(d− 1)!!(d− 3)!!
∂d−1t ~x + (6 ‘1PN‘ terms) + · · ·
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2

d̂!!(2`+d̂)!!
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`
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Gravitation - GW from a 2-body system

S =
1

16πG

∫ √−gRd4x − 1

2

∫
hµνT

µνd4x ,

∇µTµν = 0 , gµν = ηµν + hµν

(d = 4, c = 1, linearized source)

The same as EM �elds and sources, but di�erent

Radiation zone: A
(E/M)
Lω (r)→ h

(E/M)
Lω (r) (gauge-invariant �elds)

System zone: hµν ↔ (φ,Ai, σij) (NRG �elds, Kol & Smolkin '07)

these highlight spatial tensor structure, hierarchy in terms of PN

ds2 = e2φ
(
dt − Ai dx

i
)2
− e−2φγij dx

i dxj
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Gravitation - 1D reduced action & Feynman rules

S(E/M) =
1

2

∫
dω

2π

∑
L

∫
dr

[
r2`+2

Rε(2`+1)!!
hLω∗(E/M)

(
ω2+∂2r +

2(`+1)

r
∂r

)
h

(E/M)
Lω

−
(
hLω∗(E/M)T

(E/M)
Lω + c.c.

)]
,

Rε : =
`+ 2

`− 1

(
`+ 1

`

)ε
, ε = 1 (E) , ε = −1 (M)

L r

r′

= Gε
ret(r

′, r) =
−iGω2`+1

(2`+ 1)!!
j̃`+ 1

2
(ωr<) h̃+

`+ 1
2

(ωr>)Rε

= −Qε
Lω , = −Q̂ε∗

Lω
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Gravitation - 1D reduced action & Feynman rules
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ω2+∂2r +

2(`+1)

r
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)
h

(E/M)
Lω

−
(
hLω∗(E/M)T
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Lω + c.c.
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`
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2
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Gravitation - Vertices via zone seperation

Work in radiation zone ⇒ eliminate system zone

System zone itself includes non-linear vertices; grouped
together (by PN order)

Radiation-zone vertices de�ned as

:=−QL :=
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Gravitation - results

Ŝlinear =

hE

+

hM

=

∫
dt
∑
`

G (−)`+1 (`+ 2)

(2`+ 1)!! (`− 1)

[
(`+ 1)

`
Q̂L

(E)∂
2`+1
t Q

(E)
L

+
`

(`+ 1)
Q̂L

(M)∂
2`+1
t Q

(M)
L

]

As promised.
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Gravitation - results LO

, NLO

ŜLO = −G
∫

dt
1

5
Q̂ij
E ∂

5
tQ

ij
E

Qij
E : Mass quadrupole =⇒ Burke-Thorne potential & self-force

ŜLO+NLO = G

∫
dt

[
−1
5
Q̂ij
E ∂

5
tQ

ij
E −

4

45
Q̂ij
M ∂5tQ

ij
M +

1

189
Q̂ijk
E ∂7tQ

ijk
E

]
Qij
E : Mass quadrupole (+1PN corrected including �rst system zone

nonlinear e�ect: gravitating potential energy, ∼ −GmAmB
r

)

Qij
M : Current quadrupole

Qijk
E : Mass octupole
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�Everything should be made as simple as possible,
but not simpler� - Albert Einstein

Ŝ = =
∑(

QGQ̂
)

, F =
δŜ

δx̂

Bead + string (elastic �eld)

Electric charge + EM �eld

2-Body system + GR �eld

Ŝ = −2 Z
∫
ŷẏdt

Ŝ=

∫
dt
∑
L

(−)`+
d̂+1
2

d̂!!(2`+d̂)!!

`+d̂

`
Q̂

(E)
L ·∂

2`+d̂
t QL

(E) +
`2d̂Q̂

(M)
L ·∂2`+d̂t QL

(M)

(`+1)(`+d̂−1)



Ŝ=

∫
dt
∑
L

G (−) +̀1(`+2)

(2`+1)!!(`−1)

[
`+1

`
Q̂L

(E)∂
2`+1
t Q

(E)
L +

`

`+1
Q̂L

(M)∂
2`+1
t Q

(M)
L

]
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Conclusions

Uni�ed description of di�erent physical systems

Joint analytical Action formulation of radiation & reaction

EM (ALD): New results in general dimension

GR:

Compacti�cation of traditional computations

Nonlinear e�ects in radiation zone

Coming soon: leading, +1PN, some +2PN in any dimension
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Questions?

Thank you for your attention, et bon appétit
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Zones & enhanced symmetries

In PN: λ ∝ R
v � R .

System zone: ∼ stationary.

Radiation zone: ∼ spherical symmetry.
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Gravitation - Full source vertices

QL
(E) =

1

(`+ 1)(`+ 2)

∫
d3x xL

[
r−`

(
r`+2 j̃ +̀1

2

(ri∂t)
)′′ (

T00 + Taa
)

−
4

r`+1

(
r`+2 j̃ +̀1

2

(ri∂t)
)′
∂tT

0axa+2̃j +̀1
2

(ri∂t)∂
2
tT

abxaxb+r2 j̃ +̀1
2

(ri∂t)∂
2
t

(
T00−Taa

)]
=
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

(
1 +

8p (`+ p + 1)

(`+ 1)(`+ 2)

)[∫
d3x ∂2pt T00r2pxL

]STF

+
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

(
1 +

4p

(`+ 1)(`+ 2)

)[∫
d3x ∂2pt Taar2pxL

]STF

−
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

4

`+ 1

(
1 +

2p

`+ 2

)[∫
d3x ∂2p+1

t T0ar2pxaL
]STF

+
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

2

(`+ 1)(`+ 2)

[∫
d3x ∂2p+2

t Tabr2pxabL
]STF

QL
(M) =

1

`+ 2

∫
d3x

{
r−`−1

(
r`+2 j̃ +̀1

2

(ri∂t)
)′ (

2~x×
(
~T0a

))k`
xL−1

−j̃ +̀1
2

(ri∂t) 2ε
k`ba∂tT

acxbcL−1
}

=
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

(
1 +

2p

`+ 2

)[∫
d3x ∂2pt r2p

(
2~x×

(
~T0a

))k`
xL−1

]STF

−
∞∑
p=0

(2`+ 1)!!

(2p)!!(2`+ 2p + 1)!!

1

`+ 2

[∫
d3x 2εk`ba∂2p+1

t Tacr2pxbcL−1
]STF
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Origin-normalized Bessel functions

From Bessel's functiosn Bα ≡ {Jα,Yα,H±α },

b̃α := Γ(α + 1)2α
Bα(x)

xα

They satisfy [
∂2x +

2α + 1

x
∂x + 1

]
b̃α(x) = 0

j̃α in the vicinity of the origin x = 0 is given by

j̃α(x) =
∞∑
p=0

(−)p (2α)!!

(2p)!!(2p + 2α)!!
x2p

The outgoing waves at x→∞ are h̃± := j̃± iỹ:

h̃±α (x) ∼ (∓i)α+1/2 2
α+1/2Γ(α + 1)√

π

e±ix

xα+1/2
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Singular origin-normalized Bessel functions

Around x = 0 the Bessel function of the 2nd kind for α non-integer is

ỹα(x) =
Γ(α + 1)2α

xα
cos(απ)Jα(x)− J−α(x)

sin(απ)

=
Γ(α + 1)2α

sin(απ)

∞∑
p=0

(−)p

(2p)!!

x2p

2p

[
cos(απ)

2αΓ(p + α + 1)
− 2αx−2α

Γ(p− α + 1)

]
while for integer α = n,

ỹn(x) = −2(2n)!!

π

n∑
m=1

(2m− 2)!!

(2n− 2m)!!
x−2m +

2

π
ln
(x
2

)
j̃n(x)

− (2n)!!

π

∞∑
k=0

[ψ(k + 1) + ψ(n + k + 1)]
(−)k

(2k)!!(2n + 2k)!!
x2k

where ψ(N + 1) = H(N)− γ is the digamma function, de�ned using
the Harmonic numbers H(N) and the Euler-Mascheroni constant γ.
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EM in non-even d

In frequency domain - SAME.

Transforming to time domain =⇒ branch-cut =⇒ non-locality

Q̂(t)∂2`+d̂t Q(t) → Q̂(t)

[(
1

2
H(2`+ d̂)−H(`+

d̂

2
)

)
∂2`+d̂t QL(t)

−
∫ t

−∞

dt′

t− t′
∂2`+d̂t′ Q(t′)

∣∣∣∣
Reg

]
Reg.: Detweiler-Whiting decomposition, generalizes Dirac's odd propagator
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E�ective Field Theory description of GR

For example, Einstein-Infeld-Ho�mann Lagrangian

Figure from W. D. Goldberger and I. D Rothstein, PRD 73 (2006) 104029
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Hatted variables - interpretation

Doubling the �elds (and sources) e�ectively �mirrors� them.

We think of the surface of the mirror as the hatted �elds (and
sources) - they absorb the radiation the original �elds emit.

0 =
δŜ

δφ(x)
=

∫
dx′

δEOMφ(x′)

δφ(x)
φ̂(x′)− ρ̂(x)

φ̂ satis�es an equation for linearized deviations from the
background φ with a source ρ̂ and reversed propagation.

In the absence of its source φ̂ vanishes, namely

ρ̂ = 0 =⇒ φ̂ = 0

φ, ρ are physical observables, unlike φ̂, ρ̂.
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Field doubling

In our problem:

S[φ, ρ] → Ŝ[φ, φ̂; ρ, ρ̂] :=

∫
dx

[
δS

δφ(x)
φ̂(x) +

δS

δρ(x)
ρ̂(x)

]
EOM:

δŜ

δx̂
= 0

Propagators are directed (retarded/odd).

Ofek Birnholtz CCGRRA15, University of Winnipeg

An action for reaction



Motivation A bead on a string EM - ALD Gravitational Waves Conclusions Appendices

GR - NLO details

Ŝ = G

∫
dt

[
−1
5
Q̂ij
E ∂

5
tQ

ij
E −

4

45
Q̂ij
M ∂5tQ

ij
M +

1

189
Q̂ijk
E ∂7tQ

ijk
E

]
where

Qij
E =

2∑
A=1

mA

[
1 +

3

2
v2−mB

r
− 4

3
∂t (~v · ~x) +

11

42
∂2t x

2

]
A

(
xixj − 1

3
δijx2

)
A

Qij
M =

2∑
A=1

[
m (~x× ~v)i xj

]TF
A

Qijk
E =

2∑
A=1

(
mxixjxk

)TF
A
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