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The Initial Fluctuations
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Scale-Invariant Spectrum (Harrison-Zel’dovich)
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Cosmological Scales

mass

t0 time

tMH ∝
23

~
−− ∝∝ ta

ctR

m

Horizon

ρ

3−∝ amatterρ

4−∝ aradρ

teq

zeq~104



CDM Power Spectrum
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Formation of Large-Scale Structure
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ΛCDM Power Spectrum
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Non-linear Growth of Structure

Spherical Collapse, 

Virial Theorem, 

Zel’dovich Approximation,

N-body Simulations

Lecture 







Formation of Large-Scale Structure: comoving 



היווצרות הגלקסיות המוקדמות מהמארג הקוסמי



30 Mpc

Formation of Large-Scale Structure: comoving 



Filamentary Structure: Zel’dovich Approximation 
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Zel’dovich Approximation cont’d

...)(...)()(1 321
3

21
2

321 ++++++−=−= λλλλλλλλ
ρ
ρ

δ DDD
q

linear v
Hf

v
D
D

D
xDDD ⋅∇

Ω
−=⋅∇−=⋅∇−=⋅∇−=++−=

)(
1)( 321 !!

!
ψλλλδ

))(1)()(1)()(1(
),(

321 λλλ

ρ
ρ

tDtDtD
tx q

−−−
= 3212

2
, λλλ

φ
λ ≥≥

∂

∂
≡

i
i q

→ D is the growing mode of GI obeying DGDHD ρπ42 =+ !!!

2
1

323
12

1

32

1

3

1

22
1 )(2)(

λ
λλ

λ
λ
λλ

λ
λ

λ
λ

λ
ρ
ρ DD +⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++−=

Δ

plug density in Poisson eq.

error small in linear regime

or pancakes 321

1

,
1
λλλ

λ

>>

<<D

error big in spherical collapse 321 ~~ λλλ

lineargravPoisson δλλλψφδ ∝++−=−∇∝∇∝ )( 321
2

Error:

→ error is 2nd +3rd terms



Non-dissipative Pancakes: why flat?
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N-body simulation
N-body simulation

LCDM 



N-body simulation



N-body simulation



N-body simulation

spherical collapse 
or mergers



N-body simulation

spherical collapse 
or mergers



N-body simulation

spherical collapse 
or mergers



N-body simulation of Halo Formation



N-body simulation of Halo Formation



The Friedman Equation
Newton’s gravity: space fixed, external force determining motions ρπφ G42 =∇

µνµνµν π TGgG 8=Λ+Einstein’s equations

left side of E’s eq. is the most general function of g and its 1st and 2nd

time derivatives that reduces to Newton’s equation

Gravity is an intrinsic property of space-time.  geometry <-> energy density.  
Particles move on geodesics (local straight lines) determined by the local curvature.
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Solutions of Friedman eq. (matter 
era)
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Light travel in a closed universe
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Top-Hat Model (Λ=0, matter era)
.)3/4(2 3*

*
2 constaGak

a
aa =≡−= ρπ!a bound sphere (k=1) in EdS universe (k=0)

3*2* )6/()2/( ηη ataa ==
)sin()cos1( **
pppppp ataa ηηη −=−=

conformal 
time )(ta

dtd ≡η

)sin(
6

)( *

*
3

pp
p

pp a
a

tt ηηηη −=→=

3/2

*

*

)sin(
6

2
1)(

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−= pp

p
p a

a
a ηηη

0                tmax tvir

pηπ π20

universe

perturbation

5.55
3*3*
ppp aaaa ρρ ∝∝ 3

23

*

*

)cos1(2
)sin(9

p

pp

p

pp

a
a

a
a

η

ηη

ρ

ρ

−

−
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

overdensity:

55.5
16
9 2

≈=
π

ρ

ρ pπη =pturnaround

5342

120
1

6
1sin

24
1

2
11cos ηηηηηηη +−≈+−≈

3/2215.0 tap
p ∝∝≈
−

≡ η
ρ

ρρ

ρ
δρ

11/ <<<< pηρδρ

a∝δ

linear perturbation
Taylor

c
p

p
p

p
p t

t
δ

η
π

η
η

πη
ηδδ π ≡≈

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

<<

=
<<= 68.1

6/
215.0

)1(
)2(

)1(
3/2

3

2
3/2

2linear equivalent to collapse



t
π π2

universe

5.55

0                    tmax tvir

0

perturbation

8
200

4



universe
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Spherical Collapse
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Virial Scaling Relations
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Hierarchical Clustering

Press Schechter Formalism

Lecture 6



Press Schechter Formalism halo mass function n(M,a)

Gaussian random field )2/exp()2()( 222/12 σδπσδ −= −P

derivative of F with respect to M:

M
dM

Md
d

M
dMaMn cc )2/exp(

ln
ln2),( 20

2/1

ν
σ

ν
ρ

π
−⎟

⎠

⎞
⎜
⎝

⎛=

fraction of spheres with δ>δc =1.68:

PS ansaz: F is the mass fraction in halos >M (at a) 

)2/exp()2(

)],(2/exp[)],(2[),(

),(/

22/1

222/12

∫

∫
∞−

∞ −

−=

−=

aMc

c

xdx

aMaMdaMF

σδ

δ

π

σδπσδ

)()( 0 MaD
c

c σ
δ

ν ≡

δc

x

δ

random spheres of mass M

linear-extrapolated  δrms at a: )()(),( 0 aDMaM σσ =

a0 =1a(t)

nonlinear σ

linear

Mo & White 2002



Press Schechter Formalism cont.
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Press Schechter cont.
Better fit using ellipsoidal collapse (Sheth & Tormen 2002)
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Press-Schechter in ΛCDM

Mo & 
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