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Gravitational instabilities 
• Jeans instability

o 3-dimensional instability
o gravity vs pressure 
o mainly for spherical systems
• gas clouds, spherical (elliptical) galaxies, 

clusters of galaxies, etc…

• Toomre instability
o 2-dimensional instability
o gravity vs pressure+Coriolis force
o for disc systems
• accretion discs around stars, disc galaxies



Jeans instability

• Gas clouds
• Can they exist forever?

o Can they sustain their 
shapes?

• Probably, no.
o Gas clouds would 

collapse into stars.



Jeans instability
• Stars (and a planet)

o They are also made of gas.
• Can they exist forever?

o Can they sustain their shapes?
• Yes.
• They would not collapse.

o as long as atomic nuclei are burning



Jeans instability
• Elliptical galaxies
• Globular clusters

• Can they exist forever?
o Can they sustain their shapes?

• Yes.
o Indeed, they are quite old.
o ~10 Gyr



What determines the stability?
• The balance between gravity and pressure

o Gravity
• contracting force

o pressure (gas),  velocity dispersion (stars)
• expanding force

o If gravity exceeds pressure, the systems will collapse.
• forever (black holes)
• stopped by something (star formation, etc.)

o If pressure exceeds gravity, the systems will expand 
until the pressure becomes weaker than the gravity.





Jeans instability
• Basic physics
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• For instability,
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A large scale tends to be unstable, but 
a small scale is supported by pressure.

If sound wave propagates faster than 
perturbation, the system is stable.



Jeans instability for fluid
• More accurate version
T6<
TU
+ 𝜌2𝛻 V �⃗�# = 0 ------①

TW<
TU

= −𝛻 ℎ# + Φ# ------②
𝛻.Φ# = 4𝜋𝐺𝜌# ------③
ℎ# =

45<
46

46
6=
= 𝐶:
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------④ ℎ :  specific enthalpy

From time-derivative of ① and divergence of ②
T ;VW<
TU = −𝛻. ℎ# + Φ# ------⑥



Using all above equations,
TB6<
TUB

− 𝐶:
.𝛻.𝜌# − 4𝜋𝐺𝜌2𝜌# = 0 ------⑦

Assuming
𝜌# �⃗�, 𝑡 = 𝐶	exp 𝑖 𝑘 V �⃗� − 𝜔𝑡 ------⑧
If 𝜔. > 0, stable (sinusoidal wave).
If 𝜔. < 0, unstable (exponential growth).

Substitute ⑧ into ⑦,

𝜔. = 𝐶:
.𝑘. − 4𝜋𝐺𝜌2 :   dispersion relation



• When 𝜔 = 0 (the boundary case),
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B :  Jeans mass

Uniform fluid will collapse into gas clouds of 𝑀c.



Jeans instability for stars
• 𝑓 �⃗�, �⃗�, 𝑡 : distribution function

time-dependent 6-D density of stars
𝑓 = 𝑓2 + 𝑓#
mn<
mU

= Tn<
TU
+ �⃗� Tn<

To⃗
+ 𝛻Φ#

Tn=
TW
= 0 ------⑨

𝛻.Φ# = 4𝜋𝐺𝜌# = 4𝜋𝐺 ∫𝑓# 𝑑�⃗� ------⑩

Assuming 
𝑓# �⃗�, �⃗�, 𝑡 = 𝑓q �⃗� exp 𝑖 𝑘 V �⃗� − 𝜔𝑡

Φ# �⃗�, 𝑡 = Φqexp 𝑖 𝑘 V �⃗� − 𝜔𝑡



Substituting them into ⑨ and ⑩
𝑘 V �⃗� − 𝜔 𝑓q − Φq𝑘 V

Tn=
TW
= 0

−𝑘.Φq = 4𝜋𝐺 ∫𝑓q 𝑑�⃗�
Combining them,

1 + de"
rB ∫

rVst=su
rVWvw

𝑑�⃗� = 0 ------⑪

Assuming 𝑓2 to be a Maxwellian DF,

𝑓2 �⃗� = 6=
.exB k B⁄ exp − WB

.xB
------⑫

𝜎 :  velocity dispersion
Maxwell distribution : isotropic and Gaussian



Substitute ⑫ into ⑪, and consider along x-axis

1 − . .e"6=
r{xk

∫
W{exp vu{

B

B|B

r{W{vw
}
v} 𝑑𝑣o = 0 ------⑬

When 𝜔 = 0 (the boundary case), ⑬ becomes
1 − de"6=

rixB
= 0

𝑘c
. = de"6=

xB
,     𝜆c. =

exB

"6=

Replacing 𝜎 with 𝐶:, 𝑘c is the same as in the fluid 
case.
𝑘c,~q: = 𝑘c,:Uq>



Toomre instability
• 2-dimensional instability

o Galactic discs 
o Proto-planetary discs

• Toomre instability may be related to
o Star cluster / gas cloud formation
o Planet formation



Toomre instability
• A disc may be unstable against perturbation 

by “spiral-arm-like” structures.
• They can be approximated to be “ripple waves”.

o Gravity  vs  Pressure+Coriolis force



Toomre instability
• What would happen if Toomre unstable?

Bar formation?
Spiral arms?
Stellar clump formation?





Toomre instability
• 2-D disc  𝜌 ⇒ Σ,    𝑟 ⇒ 𝑅

T�
TU
+ 𝛻 V Σ�⃗� = 0 ------①

TW
TU
+ �⃗� V 𝛻 �⃗� = −𝛻 ℎ +Φ ------②

𝛻.Φ = 4𝜋𝐺Σ𝛿(𝑧) ------③

Axisymmetric perturbation
T
T�
= 0,					𝑘𝑅 ≫ 1

(Terms of #� are negligible compared with terms of 𝑘)



Linear perturbation theory
Σ = Σ2 + 𝜀Σ# ,    𝑣� = 𝜀𝑣�# (𝑣�2 = 0),
𝑣� = 𝑣�2 + 𝜀𝑣�# ,    ℎ = ℎ2 + 𝜀ℎ# ,
Φ = Φ2 + 𝜀Φ#

Terms of 𝜀2, 𝜀., 𝜀+ ⋯ are ignored, only 𝜀 is 
considered.

i.e.    𝐴𝐵 = 𝐴2𝐵2 + 𝜀 𝐴2𝐵# + 𝐴#𝐵2 + 𝜀.𝐴#𝐵#
~	𝜀 𝐴2𝐵# + 𝐴#𝐵2



By linearizing, ① becomes
T�<
TU
= Σ2

TW�<
T�

+ W�<
�

------④

Assuming 
Σ# = Σq	exp 𝑖 𝑘𝑅 − 𝜔𝑡
𝑣�# = 𝑣�q	exp 𝑖 𝑘𝑅 − 𝜔𝑡 ,

④ becomes
−𝑖𝜔Σq + 𝑖𝑘Σ2𝑣�q = 0 ------⑤
(W�<� is negligible since #� ≪ 𝑘)



By linearizing, ② becomes
TW�<
TU

− 2Ω𝑣�# = − T
T�

Φ# + ℎ# ------⑥
TW�<
TU

+ �B

.�
𝑣�# = 0 ------⑦

Ω ≡
W�=
�

: angular velocity

𝜅. ≡ 2
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�
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: epicyclic frequency
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------⑧



Assuming
𝑣�# = 𝑣�q	exp 𝑖 𝑘𝑅 − 𝜔𝑡
Φ# = Φq	exp 𝑖 𝑘𝑅 − 𝜔𝑡 (at 𝑧 = 0)
ℎ# = ℎq	exp 𝑖 𝑘𝑅 − 𝜔𝑡 ,

⑥ and ⑦ become, with ⑧,

−𝑖𝜔𝑣�q − 2Ω𝑣�q = −𝑖𝑘 Φq + 𝐶:
. ��
�=

−𝑖𝜔𝑣�q +
�B

.�
𝑣�q = 0

The above two are combined into

𝑣�q = − wr
�BvwB

Φq + 𝐶:
. ��
�=

------⑨



By linearizing, ③ becomes
𝛻.Φ# = 4𝜋𝐺Σ#𝛿(𝑧) ------⑩

⑩ has to be 
𝛻.Φ# = 0 (at 𝑧 ≠ 0)
Φ# = Φq	exp 𝑖 𝑘𝑅 − 𝜔𝑡       (at 𝑧 = 0)

The only solution is 
Φ# = Φq	exp 𝑖 𝑘𝑅 − 𝜔𝑡 − 𝑘|𝑧|  

Integrate ⑩ over z = −𝜖, 𝜖 ,
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= 2
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= 4𝜋𝐺Σ#



Then, 
−𝑘Φq= 2𝜋𝐺Σq
Φq = − .e"

r
Σq ------⑪

Combine ⑤ and ⑨,
𝜔
𝑘
Σq
Σ2

= −
𝑘𝜔

𝜅. − 𝜔. Φq + 𝐶:
. Σq
Σ2

Σq = − rB�=
�BvwB¢rB@AB

Φq

Substitute ⑪ into it,
2𝜋𝐺𝑘

Σ2
𝜅. + 𝑘.𝐶:

. − 𝜔.
= 1



Finally, we obtain a dispersion relation

𝜔. = 𝑘.𝐶:
. − 2𝜋𝐺𝑘Σ2 + 𝜅.

This is a quadratic equation of 𝑘.

𝜔.

𝑘
unstable stablestable

Pressure 
dominant

Gravity 
dominant

Coriolis force 
dominant

Small scaleLarge scale

0

If Δ > 0



Finally, we obtain a dispersion relation

𝜔. = 𝑘.𝐶:
. − 2𝜋𝐺𝑘Σ2 + 𝜅.

This is a quadratic equation of 𝑘.

𝜔.

𝑘
stablestable

Pressure 
dominant

Coriolis force 
dominant

Small scaleLarge scale

0

If Δ < 0



The discriminant of the dispersion relation is

𝑄 ≡ @A�
e"�=

for razor-thin gas disc

This is called “Toomre’ s Q-parameter”.

If Q<1, disc is unstable,
if Q>1, disc is stable
for axisymmetric perturbation.



For stellar discs, 𝐶: ⇒ 𝜎� .
But, it is not exactly compatible. Then,

𝑄 ≡ @A�
+.+j"�=

for razor-thin stellar disc

For details, see Toomre (1964, ApJ, 139, 121) or “Galactic Dynamics” 
by Binney & Tremaine



What happens if Toomre unstable
• N-body disc galaxy simulations

o Q=2.0

t=0 Gyr t=0.5 Gyr t=1 Gyr



What happens if Toomre unstable
• N-body disc galaxy simulations

o Q=1.0

t=0 Gyr t=0.5 Gyr t=1 Gyr



What happens if Toomre unstable
• N-body disc galaxy simulations

o Q=0.7

t=0 Gyr t=0.5 Gyr t=1 Gyr



Summary
• Jeans instability

o 3-D spatial instability
o Gravity vs. pressure

o 𝑀c =
de
+ 𝜌2

hi
.

+
= #

j𝜋𝜌2
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"6=

k
B :  Jeans mass

• Toomre instability
o 2-D disc instability
o Gravity vs. Pressure + Coriolis force

o 𝑄 ≡ @A�
e"�=

>1 for a stable state in a thin gas disc


