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Dirac sea of negative energy states

• Negative energy states: observable in energy levels

and g-factors of few-electron ions

Ref.:
W. Greiner, Adv. in Quantum Chemistry, vol. 53, 99 (2008)
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Ref.: T. Beier, Physics Reports 339, 79 (2000)

Quantum Electrodynamics (QED)

basic processes in QED:

self energy vacuum polarization vertex correction

QED = Dirac theory + quantized radiation field

QED coupling parameter: fine-structure constant α = e2/2ε0hc ≈ 1/137 ≈ 0.007
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Quantum Electrodynamics
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Most stringent test: 

g-factor of the free electron:

The g-factor: 
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[D. Hanneke et al., Phys. Rev. A 83, 052122 (2011)]

5

Schwinger term:
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gfree= 2 (1 + C1αααα/ππππ + C2(αααα /ππππ)2 + C3(αααα /ππππ)3 + C4(αααα /ππππ)4 + C5(αααα /ππππ)5 +....

Free electron: QED contributions of 2nd and 3rd order

2nd order in αααα: 
C2 = - 0.328 478 966

7 graphs

3rd order in αααα: 
C3 = 1.1765
72 graphs

Ref.:
B. Lautrup et al., Phys. Rep. 3, 193 (1972)

not shown:
4th order in α:α:α:α:
C4 = -1.9108
891 graphs
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Free electron: QED contributions of 5th order

5th order in α:α:α:α:
C5 = 9.16

12672 graphs

Ref.:
Kinoshita et al., arXiv:1205.5368v1 [hep-ph] 24 May 2012

„I am digging at the roots of physics 
to see whether there is
some treasure there.“

Toichiro Kinoshita

gfree= 2 (1 + C1αααα/ππππ + C2(αααα/ππππ)2 + C3(αααα/ππππ)3 + C4(αααα/ππππ)4 + C5(αααα/ππππ)5 +....
Harvard g-2 measurement 2011:

gfree = 2 (1.001 159 652 180 73 (28)) → determination of αααα
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Hans Dehmelt
Nobel Prize 1989 "for the development of the ion trap technique"
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*CODATA

Positron:  g = 2×1.001 159 652 187 9 (43)*

g-Factor of the electron and positron

Electron:  g = 2×1.001 159 652 188 4 (43)*
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Ref.:
T. Beier, Physics Reports 339, 79 (2000)

QED and highly charged ions (HCI)

self energy   vacuum polarization  vertex correction

basic processes in bound-state QED:

bound-state QED: quantum physics in strong fields

bound-state QED coupling parameter for H-like uranium U91+:  Zα ≈ 0.67
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SELF
ENERGY

VACUUM
POLARIZATION

gbound/gfree ≈≈≈≈ 1 - (Zαααα)2/3 + αααα(Zαααα)2/4ππππ + ....+ ....+ ....+ ....

bound-state QEDDirac theory

Bound-electron g-factor:

Feynman graphs 1st order in α/πα/πα/πα/π

Ref.:
T. Beier, Physics Reports 339, 79 (2000)
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QED in strong fields

e-

Wendell Hinkle Furry

1907-1984

Prof. at Harvard University

Common theoretical approach:

Furry picture of bound-state QED

13

for 28Si13+:  <|E|>≈2·1015 V/m

for 40Ca19+: <|E|>≈8·1015 V/m
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A single highly charged ion stored in a Penning trap
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Precision trap (PT) 

� Very homogeneous magnetic field 

Analysis trap (AT)

� Magnetic bottle for spin detection

Creation trap (CT)

� In-trap ion creation of    

highly charged ions

~
1

4
 c

m
7mm

Triple Penning trap system
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Highly charged ion g-factor apparatus
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Ion oscillation frequencies

� Measurement of the tiny image currents (~ fA)

on the trap electrodes requires:

Helical resonator:

Q= 3200

en = 400 pV/√Hz

in ≤ 10 fA/ √Hz

A

Ultra-low noise 

cryogenic amplifiers:

Superconducting 

tank circuit:

-1500 -1000 -500 0 500 1000 1500
0

5

10

15

20

25

(Axial Frequency / Hz) -671000

V
o

lt
a

g
e

-N
o

is
e

 D
e

n
s
it
y
 (

d
B

V
)

 

 

Fourier transformation:

FFT:

A “hot“ ion is detected as

a peak above the Johnson

noise of the resonator.

18
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High-resolution cyclotron frequency measurement
of a single highly charged silicon ion

28Si13+



International Accelerator Facility for

Beams of Ions and Antiprotons at Darmstadt

Conference on Physics of Simple Atomic Systems, Jerusalem, 23 May 2016, Wolfgang Quint

Continuous Stern-Gerlach effect:
Determination of spin direction
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Quantum jump spectroscopy:
Spin-flip transitions in the analysis trap
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Bound electron magnetic moment measurement
on hydrogen-like silicon 28Si13+
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gexp(28Si11+) = 2.000 889 889 9(21)
gtheo(28Si11+) = 2.000 889 909 (51)
theoretical calculations by D.A. Glazov,

A.V. Volotka, V.M. Shabaev

Bound electron magnetic moment measurement
on lithium-like silicon 28Si11+

Ref.:
A. Wagner et al.
PRL 110, 033003 (2013)

Larmor

resonance

Precision test of
• electron-electron interaction
• screened QED contributions
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Dirac sea: contribution of negative energy states
to bound electron magnetic moment in Li-like HCI

Ref.:
D. Glazov

integration over

negative energy states

for internal electron lines
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Quantum Electrodanymics in strong fields:
non-perturbative treatment in Zαααα

beyond the Furry picture

e-

Wendell Hinkle Furry

1907-1984

Prof. at Harvard University

Common theoretical approach:

Furry picture of bound-state QED

- External field approximation:

Nucleus approximated as an external Coulomb 

field, V(r), 

reducing a 2-body system to a 1-body system

( )[ ] ( ) ( )rErrVi
rrrr

ψψβα =++∇−



International Accelerator Facility for

Beams of Ions and Antiprotons at Darmstadt

Conference on Physics of Simple Atomic Systems, Jerusalem, 23 May 2016, Wolfgang Quint

Our test system: 

g(40Ca17+) ↔ g(48Ca17+)

→ All contributions  cancel

except for:

- Nuclear recoil

- Nuclear size

- nuclear recoil dominates the isotope shift (99.96%),   

since nuclear size:

Isotope shift

in bound-electron g-factors 

Not  included  in

Furry  picture

rnucl.(
40Ca) = 3.4776(19)·10-15 fm

rnucl.(
48Ca) = 3.4771(20)·10-15 fm

[I. Angeli et al., Atomic Data and Nuclear Data Tables 99 (2013)]

Ref.:
F. Köhler, S. Sturm

Quantum Electrodanymics in strong fields:
non-perturbative treatment in Zαααα

beyond the Furry picture
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g-Factors of lithium-like calcium 40Ca17+ and 48Ca17+

→ sensitive test of QED beyond the Furry picture

Measured g-factors:

g(40Ca17+) = 1.999 202 040 55 (10) (12) (110)·10-10 → δg/g = 5.6·10-10

g(48Ca17+) = 1.999 202 028 85 (12) (13)  (80)·10-10 → δg/g = 4.1·10-10

[A. V. Volotka et. al., PRL 112, 253004 (2014)]

� Most precise g-factors of lithium-like ions!

(stat)  (syst)  (mion)

e

q

m

m
g ion

ion

e
Γ=2

[Sz. Nagy et al. Eur. Phys. J. D 39, (2006)]

∆gexp = g(40Ca17+) - g(48Ca17+) = 11.70 (16) (3) (138) ·10-9

comparison to theory:
V. Shabaev et  al.

∆gtheo = g(40Ca17+) - g(48Ca17+) = 10.305 (27) ·10-9
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g-Factors of lithium-like calcium 40Ca17+ and 48Ca17+

→ sensitive test of QED beyond the Furry picture
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experiments with 
particles at rest or 

at low energies

stripper

target

ESR

electron cooling

and deceleration 

down to 4 MeV/u

U73+

U91+

UNILAC

cooler
Penning

trap

U91+

post-
decelerator SIS

HITRAP at the Experimental Storage Ring ESR
at GSI Darmstadt

EXPERIMENTS WITH HIGHLY CHARGED IONS AND 

ANTIPROTONS AT EXTREMELY LOW ENERGIES:

• g-factor measurements of the bound electron

• laser spectroscopy

• mass measurements of extreme accuracy

• reaction microscope, collisions at very low velocities

• surface studies and hollow-atom spectroscopy

• x-ray spectroscopy
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