Synchrony in heterogeneous networks of spiking neurons

L. Neltner^{1,3}, D. Hansel^{1,3}, G. Mato^2 and C. Meunier^{1,3}

1 Centre de Physique Théorique, UMR7644 CNRS Ecole Polytechnique 91128 Palaiseau Cedex, France 2 Comisión Nacional de Energía Atómica and CONICET Centro Atómico Bariloche and Instituto Balseiro (CNEA and UNC) 8400 San Carlos de Bariloche, R. N., Argentina 3 New address: Laboratoire de Neurophysique et Physiologie du Système Moteur EP 1848 CNRS, Université René Descartes 45 rue des Saints Pères, 75270 Paris Cedex 06, France

Abstract The emergence of synchrony in the activity of large heterogeneous networks of spiking neurons is investigated. We define the robustness of synchrony by the critical disorder at which the asynchronous state becomes linearly unstable. We show that at low firing rates, synchrony is more robust in excitatory networks than in inhibitory networks but excitatory networks cannot display any synchrony when the average firing rate becomes too high. We introduce a new regime where all inputs, external and internal are strong, and have opposite effects that cancel each other when averaged. In this regime, the robustness of synchrony is strongly enhanced, and robust synchrony can be achieved at high firing rate in inhibitory networks. On the other hand, in excitatory networks, synchrony remains limited in frequency due to the intrinsic instability of strong recurrent excitation.

1 Introduction

Synchrony in large scale neural systems is evidenced by significant fluctuations in time of the ensemble activity. Complementary experimental techniques, namely EEG, MEG, recording local field potentials, and multi-unit and multi-electrode recordings have shown it to be an ubiquitous feature of neural activity in the central nervous system of vertebrates. It occurs, for instance, in the limbic, motor, olfactory, and visual systems. Different manifestations of synchrony have been shown to be associated with specific physiological states. Synchrony is also observed in pathological conditions (e.g. epileptic seizures, Parkinsonian disease) (Gray 1994, Ritz and Sejnowki 1997).

Recent studies have largely focused on spike to spike synchrony and strong oscillatory activity, but the concept of synchrony actually covers a very large span of phenomena, as is evidenced by a few examples. During epileptic seizures, hippocampal pyramidal cells may exhibit global low frequency synchronous bursting. In the same structure, high frequency episodes, at about 200 Hz, are observed during sharp waves events (Buzsáki and Chrobak 1995). Oscillatory synchrony, involving neural assemblies that evolve in time, was demonstrated in the olfactory system of insects (Laurent 1996), and shown to play a role in odor recognition. Indeed, disrupting synchrony in the antennal lobe through GABA_A antagonists impedes the discrimination between similar odors (Stopfer et al. 1997). This remains the most convincing evidence on the function of synchrony in neural systems.

In the last ten years, following the pioneering works of (Gray and Singer 1989) and (Eckhorn et al 1988), many experiments have been devoted to the investigation of stimulus induced oscillatory activity in the visual system, from the retina to the primary visual cortex. It has been suggested that the γ rhythm might play an important function in the processing of visual stimuli by providing a flexible way to implement the concepts of feature binding and segmentation (for a review see (Gray 1994)), but the functional significance of synchrony in this framework remains debated (Gray 1994).

A fundamental issue is to understand when synchrony can emerge, and how cell properties, synaptic interactions and network architecture interact to determine the nature of the synchronous states in a large neural network. Many theoretical works in the last few years have focused on the emergence of synchrony through the collective dynamics of neural networks. Then, the correlations of pairs of neurons originate neither from the direct influence of one neuron on another, nor from a common external input to the system. Rather, they stem from the common synaptic input generated by the very activity of the network (Hansel and Sompolinsky 1996). In this mean field framework, the respective roles of synaptic interactions and cell properties in building synchrony was largely unraveled by studying networks of integrate-and-fire neurons (Abbott and van Vreeswijk 1993, ,Gerstner et al. 1996), and by analyzing the dynamics of conductance based models in the weak coupling limit (Hansel et al. 1993a, Hansel et al 1993). In this limit, the collective behavior of the system is determined only by the linear response of the neurons to small depolarizations, and, the nature of the interaction between neurons. It was thus shown, for a large class of homogeneous neural systems, that slow excitatory interactions could not lead to full synchrony while inhibitory interactions did (van Vreeswijk et al. 1994, Hansel et al. 1995). These systems are characterized by the fact that the neurons respond to a brief depolarization by advancing the firing of their next spike, with a phase excitability curve that peaks near the end of the interspike. This type of response to perturbations is exhibited by integrate-and-fire models, as well as many conductance based models, such as the model of hippocampal inhibitory interneuron introduced in (Wang and Buszàki 1996) (see below). It was experimentally demonstrated that regular spikers in slices of neocortex have such response properties (Reyes and Fetz 1993a, Reyes and Fetz 1993b).

On the basis of these results, it was suggested that mutual inhibition between neurons might play an important role in the emergence of synchrony in large neuronal systems (van Vreeswijk et al. 1994, Hansel et al. 1993b, Wang and Buszàki 1996). This theoretical idea is supported by several experimental works. In particular, Whittington et al. (1995) have shown that a collective oscillation around 40 Hz emerges in hippocampal and neocortical slices due to fast inhibition between interneurons, when slow GABA_B inhibition and ionotropic glutamate excitation are pharmacologically blocked. Therefore, the rhythm observed in pyramidal cells could result from their entrainment by the inhibitory network (Cobb et al. 1995).

Most theoretical works on synchrony have focused on homogeneous or mildly heterogeneous neural systems. For heterogeneous systems of weakly coupled phase oscillators (Kuramoto 1984), a transition to the asynchronous state is found at a value of the disorder proportional to the strength of the synaptic coupling. This suggests that increasing the coupling strength might help to synchronize heterogeneous systems. However, increasing the coupling also has adverse effects, such as silencing low frequency neurons in inhibitory networks (suppression), or strongly increasing the firing rates of neurons in excitatory networks. Therefore, understanding how synchrony can be achieved in neural populations, when the spread of the intrinsic properties of neurons is large (see Gustafsson and Pinter 1984a, 1984b) for a thorough study of the spread in the intrinsic properties of lumbar α motoneurons in anesthetized cats) remains an open issue. The dependence of synchrony on the synaptic time course in inhibitory systems was recently investigated by several authors (Golomb and Rinzel 1993, Hansel and Mato 1993, Wang and Busz`ki 1996, White et al. 1998, Chow 1998). When inhibition is fast with respect to the typical firing rate of neurons (i.e., the phasic regime of (White et al. 1998)), the network settles in cluster states, that are easily destabilized when heterogeneities are introduced. On the opposite, when inhibition is slow homogeneous systems display stable inphase synchrony (White et al. 1998). Yet it was shown that when mild heterogeneities in the cell properties throughout the network are taken into account, a transition to asynchrony occurrs in this tonic regime for disorder levels of the order of 5% (White et al 1998). This is easily understood since the modulation of the synaptic input is small in this regime. Thus, it seems a priori difficult to explain synchrony phenomena at high frequency on the basis of mutual inhibition. Accordingly, recent works on hippocampal high frequency ripples have investigated the possible role of gap junctions in the emergence of synchrony (Draguhn et al. 1998).

The goal of the present paper is to investigate the robustness of synchrony, i.e. the maximal spread of cell properties that is compatible with synchrony, in the framework of fully coupled onepopulation networks. Namely, we define the robustness as the value of the disorder at which the asynchronous state becomes linearly stable. For lesser values of the disorder, the system will then evolve at large times to some synchronous state. This is a conservative definition of the robustness, as synchrony may still be observed at higher disorder if the stable asynchronous state coexists with some synchronous state (multistability). We especially address the question of which interactions, excitatory or inhibitory, are best able to synchronize neurons at a given firing rate. The paper is organized as follows: after reviewing the models of neurons and the methods we use to investigate network dynamics, we study the impact of heterogeneities on synchrony. The question is first addressed in the framework of phase reduction techniques, where analytical results on the onset of synchrony can be derived. These results are extended to finite coupling by performing numerical simulations. We then study a strong coupling regime, which has never been investigated by previous authors, where balancing the synaptic current experienced by the neurons by an external drive of opposite sign prevents the firing rates from drifting. Finally, we discuss our results and their implications in the last section.

2 Methods

2.1 Models

We analyze the collective behavior of large networks consisting of only one population of neurons, either excitatory or inhibitory. The neurons are coupled all-to-all with the same coupling strength throughout the network. All the neurons are the same, but we assume that the external input varies from neuron to neuron in such a way that the distribution of the firing rates is either Gaussian or Lorentzian when the neurons are uncoupled.

Firing frequencies of neurons must be positive. Therefore, we use firing rate distributions restricted between 0 and 2f̄, obtained by truncating the original Gaussian or Lorentzian distributions symmetrically with respect to the average frequency, f̄, and modifying accordingly the normalization constant (see Fig. (1)). The standard deviation of the truncated distribution is different from the standard deviation of the original distribution. However, for a Gaussian distribution, the relative difference between these two quantities is less than 1% as long as the standard deviation of the original distribution is less than 0.3f̄.

Individual neurons are described by a single compartment model, either a simple Lapicque integrate-and-fire model (hereafter IF model) or a Hodgkin-Huxley-like model, namely the Wang- Buszáki model (hereafter WB model), previously introduced in (Wang and Buszàki 1996). This latter model was designed as a minimal model of hippocampal inhibitory interneuron, and presents a wide firing frequency range from 0 to several hundreds Hz. The membrane potential of the IF model evolves in the sub-threshold regime according to the differential equation: C dV dt = I_ℓ + I_{syn}(t) + I (2.1)

where I_ℓ = g_ℓ(V_ℓ − V ) is a passive leak current of conductance g_ℓ and reversal potential V_ℓ, and

I_{syn} is the synaptic current due to the action of the other neurons of the network. The current I is a constant external drive. The membrane capacitance C is set to 1 μF/cm^2. Requiring a passive membrane time constant τ = C/g_ℓ of 10 ms leads to a leak conductance g_ℓ = 0.1 mS/cm^2. The resting membrane potential V_{rest} = V_ℓ is equal to −60 mV in all our simulations. Whenever the membrane potential, V , reaches the threshold θ (−40 mV in our simulations), a spike is fired and V is instantaneously reset to the resting level. In the WB model the membrane potential evolves according to C dV dt = I_{Na}(t) + I_K (t) + I_ℓ(t) + I_{syn}(t) + I (2.2) where I_{Na} and I_K are voltage-dependent sodium and potassium currents. Their kinetics as well as the passive parameters of the model are the same as in (Wang and Buszàki 1996) and recalled in Appendix A. In all cases (IF or WB model) the dynamics of the networks are integrated using an adaptive second order Runge-Kutta algorithm as explained in (Hansel et al. 1998).

The synaptic current induced by a given presynaptic neuron into a postsynaptic neuron is modeled as, I_{syn}(t) = g ∑ spikes f(t − t_{spike}) (2.3) where summation is performed over all the spikes emitted prior to time t by the presynaptic neuron. Each synaptic activation then induces a single event, described by the function f(t) = 1 τ_1 − τ_2 ( e^{− tτ}1 − e^{− tτ}2 ) Θ(t) (2.4) where Θ(t) is the Heaviside function. The larger of the time constants, τ_1 and τ_2, characterizes the rate of exponential decay of the synaptic potentials, while their time to peak is equal to t_{peak} = (τ_1τ_2/ (τ_1 − τ_2)) ln(τ_1/τ_2). The normalization adopted here ensures that the time integral of f(t) is always unity. The coupling strength g is then proportional to the maximal synaptic conductance but not equal to it; it is actually the total charge transferred during a single synaptic event. In a fully connected network of size N, g must scale as 1/N so that the total synaptic input remains finite in the limit N → +∞. Inhibition corresponds to a negative coupling, g < 0, and excitation to a positive coupling, g > 0. Our description of the synaptic coupling does not take into account the shunting effect of the synapses. However, we have checked that the conclusions of our study still hold when synapses are described in term of conductances.

2.2 Synchrony

We measure the degree of synchrony as it was proposed and developed in (Hansel and Sompolinsky 1992, Golomb and Rinzel 1994, Ginzburg and Sompolinsky 1994), namely by analyzing the temporal fluctuations of the network activity. One evaluates the average membrane potential in the network at a given time t,

A_N (t) = 1 N N∑ i=1 V_i(t) (2.5)

Its time fluctuations can be characterized by the variance

Δ_N = ⟨ A_N (t)^2 ⟩ t − ⟨A_N (t)⟩^2_t (2.6)

When this variance is normalized to the population averaged variance of single cell activity Δ = 1 N N∑ i=1 ( ⟨ V_i(t)^2 ⟩ t − ⟨V_i(t)⟩^2_t ) (2.7)

the resulting parameter

Σ_N =

Δ_N Δ (2.8)

generally behaves for large N as

Σ_N = χ + a N + O( 1 N^2

) (2.9)

The constant χ, comprised between 0 and 1, measures the degree of coherence in the system in the infinite size limit, while a yields an estimate of finite size effects. The coherence parameter χ is equal to 1 if the system is totally synchronous (i.e. V_i(t) = V (t) for all i), and vanishes if the state of the system is asynchronous in the large N limit. Note that this definition of coherence encompasses all possible forms of synchrony in the network. In practice, χ was estimated by calculating Σ_N for large networks (N ranging from 128 to 4096) and checking that finite size effects were small (in some cases we have checked for finite size effects for network size up to N = 65536).

2.3 Phase models

The dynamics of a conductance-based neuron involves several variables: membrane potential, gating variables, etc. However, if all the neurons in the network fire periodically when they are uncoupled, with their firing rates, f_i, lying in a narrow range, and if they are weakly coupled together, the dynamics of each neuron in the network can be described by a single angle variable, ϕ_i, varying on [0, 2π]. This variable is the phase of the neuron along its unperturbed limit cycle (i.e., when decoupled from the network). Thanks to this reduction (Hansel et al. 1995), the network dynamics is then described by the simpler differential system, dϕ_i dt = 2πf_i + g N N∑ j=1 Γ(ϕ_i − ϕ_j) (2.10)

where g is the coupling strength and Γ is the effective interaction between any two neurons. This interaction function is obtained by convolving the synaptic current generated by the presynaptic neuron, j, with the “response function” Z of the target neuron, i, over one period of the single neuron dynamics,

Γ(ϕ_i − ϕ_j) = 1 2π ∫_{2π} 0 Z(u)I_{syn}(u + ϕ_j − ϕ_i)du (2.11) The function Z is nothing more than the linear phase response of the neuron to very brief current pulses. It indicates what proportionality exists between the amplitude of a small current pulse and the phase advance (or delay) it induces in the neuron. In the special case of IF neurons, the response function can be analytically derived. It reads, Z(ϕ) = 1 I e^{ϕ2πf τ} (2.12)

For conductance based models Z and its Fourier expansion have to be determined numerically from the single neuron dynamics (Hansel et al 1993a, Ermentrout 1996).

Large networks may display a transition from the asynchronous state to some synchronous state when varying control parameters. In particular, such a transition may occur as the level of disorder is decreased or the coupling strength is changed. This can be analytically investigated in networks of phase oscillators, as shown in Appendix B. Let, h(ω) be the distribution of the natural angular frequencies of the phase oscillators, ω = 2πf. Let the Fourier expansion of Γ(ϕ) be :

Γ(ϕ) = +∞∑ n=0 a_n sin(nϕ) + b_n cos(nϕ) (2.13)

For a fixed value of the disorder, the asynchronous state becomes linearly unstable, when the coupling strength, g, is changed, as soon as one of the Fourier modes, n, of the interaction function, Γ satisfies the two conditions

h(−gb_0 − Ω_n) = − 2 πg a_n a_n^2 + b_n^2

(2.14)

lim_{ϵ→0} ∫_∞ ϵ h(ω − gb_0 − Ω_n) − h(−ω − gb_0 − Ω_n) ω dω = 2 g b_n a_n^2 + b_n^2

(2.15)

These equations determine the critical value of the disorder, σ_c, at which the mode n is marginally stable, and the corresponding purely imaginary eigenvalue inΩ_n. The mode n is then linearly unstable for all level of disorder larger than the critical value (σ > σ_c) (see Appendix B). Alternatively equations (2.14) and (2.15) give the critical value, g_c, of the disorder at which the mode n becomes unstable, when the level of disorder σ is kept fixed. Note that condition (2.14) can be fulfilled only if a_n and g have opposite signs. This means that the mode n is always linearly stable in an inhibitory network if a_n < 0, and cannot be involved in the destabilization of the asynchronous state. Conversely the mode n is linearly stable in an excitatory network if a_n > 0. Note that the functions, Z and I_{syn} depend on the intrinsic firing rates of presynaptic and postsynaptic neurons. In Eq(2.14, 2.15) the fourier coefficients are computed for the effective interaction of neurons with intrinsic angular frequency ω̄ = 2πf̄. Taking into account the spread of freqencies would only result in higher order corrections.

2.4 Robustness of synchrony

For phase models, σ_c is strictly proportional to g. Beyond the weak coupling limit the critical disorder also depends on the coupling strength, albeit in a more complex way. In all cases we define, for any given value of the coupling strength, g, the robustness of synchrony, R(g), as the critical disorder at which the asynchronous state becomes linearly stable. This critical disorder is always expressed in what follows as a fraction of the average angular frequency, f̄, in the uncoupled network. Meaningful comparisons of the robustness of the synchronous state for two neuron models require that numerical simulations be performed in equivalent conditions. In such a situation we do not choose the same value of the coupling strength for both models, as the effect of a given synaptic current will largely depend on the membrane properties of the post-synaptic neuron. We set the coupling strength at different values for the two models, chosen so that a single synaptic event leads in both cases to a post-synaptic potential of 0.5 mV in a neuron at rest. This guarantees that the effects of synaptic interactions between neurons are similar in the two models.

3 Results

3.1 Weak coupling

Figures 2 A and B, respectively, display the robustness of synchrony in an excitatory network (R_E ) of IF neurons, and in an inhibitory network (R_I ) of IF neurons, as a function of the average firing frequency, f̄. These results were obtained in the weak coupling limit and for a Gaussian distribution of firing rates. Both R_E and R_I go to infinity as the firing rate goes to zero, which means that synchrony can always be achieved at very low rates in a network of IF neurons, even if heterogeneities are strong. This result is also valid for a Lorentzian distribution of frequencies. In this simpler case, this can be analytically derived as shown in Appendix C.

In the excitatory case, the robustness of synchrony, R_E , monotonically decreases with increasing frequency (see Figure 2 A), and eventually vanishes at a finite frequency. This means that no synchrony is possible at high firing rate, even in an homogeneous network. On the contrary, in the inhibitory case R_I is a non-monotonic function of the firing frequency and never vanishes as can be seen on Figure 2 B. This entails that a mildly heterogeneous inhibitory network always displays some degree of synchrony. The discontinuities in the derivative visible on all the curves correspond to the frequencies at which changes in the order of the critical mode, n_c, occur. As can be seen on Figures 3 A and B, the order of the critical mode monotonically decays with increasing firing rate, both in the excitatory case and in the inhibitory case, and eventually becomes 1. By contrast, it diverges at low frequency as shown above. This means that, at low frequency, destabilization of the asynchronous state will lead to cluster states where the system splits into several groups of in-phase locked neurons (Golomb et al. 1992).

To compare the efficiency of inhibitory and excitatory couplings at synchronizing neuronal activity in IF networks for given values of the synaptic time constants, we have computed the ratio R_E /R_I . In Figure 4, this ratio is plotted as a function of the average firing rate, f̄. At high frequency, R_E /R_I vanishes because the asynchronous state is stable for excitatory interactions, but not for inhibitory ones. When the frequency is decreased, R_E /R_I rapidly becomes larger than 1. This means that at low firing rate, excitation is much more efficient than inhibition at synchronizing neural activity in heterogeneous IF networks. Note that R_E /R_I remains finite in the limit of vanishing firing rates, in spite of the low-frequency divergence of both R_E and R_I .

We now analyze how synchrony depends on synaptic time course. For the sake of simplicity, we assume that τ_1 = τ_2 = τ_{syn}. The synaptic interaction is then described by an “α function”, f(t) = t τ^2_{syn} e^{−t/τsyn} Θ(t) (3.16) Comparing Figure 4 and Figure 5, we see that the ratio R_E /R_I diverges when f̄τ_{syn} goes to 0 at fixed f̄, while it tends to a constant value when f̄τ_{syn} goes to 0 at fixed τ_{syn}. Thus, f̄τ_{syn} is not a scaling variable for R_E /R_I . This is because R_E /R_I depends not only on the temporal modulation of the synaptic current (controlled by f̄τ_{syn}), but also on the phase response of neurons, which explicitly depends on f̄. This can be analytically shown for a Lorentzian distribution (see Appendix C).

Are the above results modified when active properties of neurons are taken into account? To investigate this issue we have studied networks of WB neurons. We have numerically computed the response function for various values of the external drive, I, leading to different firing rates of the neurons. Using the Fourier expansion of the response function, we have analytically computed the robustness of synchrony. The results are shown for excitatory and inhibitory couplings respectively in Figures 6 A and B. Qualitatively these results are similar to those obtained for the IF model, except that both R_E and R_I remain finite in the limit of vanishing firing rates for the WB model. In particular, R_I never vanishes, R_E is zero above some critical frequency, f_c, and R_E is larger than R_I at low frequency (compare Figures 6A and B).

3.2 Beyond weak coupling

The results of the previous section were derived under the assumption of weak coupling. To assess what is their range of validity we numerically compute in the present section R_E and R_I as a function of the coupling strength for both IF or WB neurons, and compare those results to the predictions obtained using the phase reduction technique. Figure 7 displays the coherence, χ, versus the spread, σ, of firing rates for excitatory and inhibitory networks of IF neurons. The average firing rate was kept fixed at 80 Hz. For that value, partial synchrony (χ ≈ 0.36) is achieved in the homogeneous (σ = 0) excitatory case, and the fully synchronous state (χ = 1) is stable in the homogeneous inhibitory case. Remarkably, χ decays to 0 much faster for inhibition than for excitation when disorder is increased, although it starts from much higher values. Networks of WB neurons display a qualitatively similar behavior, although the range over which χ decays to zero is larger by one order of magnitude.

Figures 8A and B, respectively, display R_E and R_I as a function of the coupling strength for IF networks and a fixed value of the average firing rate in the uncoupled network. Note on Figures 8B the multistability present in the inhibitory case, as the transition to the asynchronous state occurs at different values of the disorder, when starting from an initial condition, that is close to the fully synchronous state, and from an initial condition, where the membrane voltages of neurons are widely spread. For small coupling strength, g, the robustness linearly varies with g with a slope which is correctly predicted by the phase model limit. For larger values of g R_E and R_I monotonically decreases with increasing g. In excitatory networks this stems from the increase of the firing rate with the coupling, while in inhibitory networks this is related to clustering (see Appendix D). However, in the inhibitory case, the robustness of synchrony, as defined in this paper, may eventually increase again when the coupling strength is still further increased. This is because low frequency neurons are progressively suppressed when the coupling strength is increased, which decreases the frequency spread of the spiking population and increases the maximum level of disorder required to stabilize the asynchronous state. WB networks behave in a similar way, although synchrony can be achieved in heterogeneous excitatory networks only in a much more restricted range of firing rates (see Figures 9A and B).

The results of this section show that for both models and both types of interactions, excitatory and inhibitory, when the external input is kept fixed and the strength of the interaction is varied, the conclusions derived using the phase reduction method remain qualitatively valid on a finite range of coupling strength. In this range, excitation is more efficient than inhibition at synchronizing heterogeneous networks at low firing rates. The opposite is true at large firing rates where only inhibition may synchronize heterogeneous networks.

3.3 Synchrony at strong coupling

In the weak coupling limit, the interactions between neurons have a negligible effect on the average firing rate. This is not so at strong couplings. This is particularly obvious in excitatory networks where recurrent excitation strongly increases the average firing rate with respect to its value in the uncoupled network. Consequently, the synaptic interaction becomes closer and closer to a constant as the oscillation period becomes much smaller than the synaptic time constants, and it can no longer destabilize the asynchronous state. This is one reason why no synchrony can be achieved at large coupling strengths in an excitatory network. In inhibitory networks, increasing the coupling strength decreases the firing rate and would seem to favor synchrony. However, this also leads to suppression of low frequency neurons. Moreover, the states of partial synchrony exhibited by inhibitory networks depend on both the firing rate and the coupling strength, and synchrony may also be reduced due to a higher degree of clustering when the coupling strength becomes larger.

To analyze the sole effect of the coupling strength, g, on the robustness of synchrony in excitatory and inhibitory networks, independently of the change of firing rate it provokes, we shall simultaneously change g, and the external drive, I, acting on neurons so that the average frequency in the network remains constant, whatever the value of g. This can be achieved by making the drive I_i on neuron i depend on g as I_i(f, g) = Î(f) − gf̄ (3.17) where Î(f) is the constant drive required for neuron i to fire at frequency f, and f̄ is the average frequency of neurons across the uncoupled network. In the asynchronous state the total synaptic input on a neuron due to the rest of the network is then exactly balanced by the coupling dependent term of the applied current, so that the frequency remains that of the single neuron.

The results then obtained for excitatory and inhibitory WB networks under the above constraint (3.17) are shown in Figure 10 for a constant low firing rate, f̄ = 3 Hz. Increasing the synaptic coupling allows us to substantially improve the robustness for both excitation and inhibition within certain limits, which will be elaborated on in the Discussion. Also note that a larger robustness can be achieved in the excitatory case than in the inhibitory case. Similar, though quantitatively different, results are obtained for IF networks (results not shown).

For large enough values of f̄ the situation changes. Indeed, for f̄ larger than a critical value that depends on the synaptic time constants, the asynchronous state is the only stable active state of the excitatory WB network, even in the homogeneous case (it coexists with the stable quiescent state of the network). In other words, R_E = 0. By contrast, partial synchrony is achieved in an inhibitory network, even at high rate : R_I monotonically increases with g up to values of more than 20% when f̄ = 50 Hz (results not shown).

Thus, the conclusions previously established for weak couplings generalize at all coupling strength, when the average frequency is kept fixed by appropriately tuning the external drive. Excitation synchronizes neurons more efficiently at low firing rates, but above some threshold frequency only inhibition can synchronize neural activity.

3.4 The balanced synchronous state

The previous section might give the feeling that a precise tuning of the external drive, so that it exactly compensates for the shift of the average frequency in the asynchronous state, that is induced by the network dynamics, is required to achieve synchrony at large coupling. In the present section, we show that when both external drive input and the coupling strength are strong enough, and, under some restrictions that are elaborated upon in Appendix D, this balancing automatically takes place in the asynchronous state, without any need to finely tune the parameters.

For simplicity, we define all currents relative to the current threshold, I_c, so that any current above (respectively below) this threshold is positive (respectively negative). We shall assume that both the coupling strength, g, and the average external drive, I, linearly depend on a scaling parameter, K, and we shall investigate the large K regime where both coupling and average drive are strong. More specifically, we shall assume that,

g = −KJ (3.18)

where J is some positive constant, and that the drive I_i on neuron i satisfies,

I_i = KI_0 + δ_i (3.19)

where I_0 is some constant current, I_0 > 0, and the δ_i are equally distributed independent random variables with zero mean. For an excitatory network, K is negative, so that the external drive is below the current threshold and opposes the frequency increase due to recurrent excitation. In inhibitory networks K is positive. The external drive is then positive and opposes the frequency decrease due to inhibitory synaptic interactions. In both cases, when the network is in the asynchronous state with an average firing rate f̄, the total current input on neuron i is equal to,

I_i + gf̄ = K(I_0 − Jf̄) + δ_i (3.20)

Both the firing rate, f_i, of neuron i and the average firing rate, f̄, are then determined by the selfconsistent equations,

f_i = G [ K(I_0 − Jf̄) + δ_i ] (3.21) f̄ = ∫ P (δ)G [ K(I_0 − Jf̄) + δ ] dδ (3.22)

where f = G [I] is the frequency-current relation of the neurons and P is the probability density of the random variable δ. In the large K limit, the average firing rate of the neurons, f̄, remains finite and is equal to f̄ = I^0 J + O (1/K) (3.23)

The correction of order 1/K to f̄, −A/K, is determined by the non-linear equation, I_0 J = ∫ P (δ)G [JA + δ] dδ (3.24)

This correction to the average frequency is positive for excitatory networks (K < 0), and negative for inhibitory networks (K > 0). Substituting the order 1/K approximation of f̄ thus obtained in Eq. (3.21), gives the firing rates, f_i, of the neurons up to order 1/K,

f_i = G [JA + δ_i] (3.25)

Note that the firing rates depend on the single neuron dynamics only through the frequency-current relation. Also note that in the asynchronous state the width of the frequency distribution only depends on the probability density, P , and on the frequency-current relation, G. It is independent of the average drive on neurons.

Equation (3.23) implies that, although both the external drive on neurons and the synaptic couplings are large, the net current input on neurons and their firing rates remain finite in the limit of large K. Moreover, in this limit, the average firing rate no longer depends on K. Therefore, if the external drive and the coupling strength are sufficiently strong and have opposite effects on the firing rate, the system settles into a “balanced state” where the average firing rate only depends on the ratio of these two quantities (up to small corrections). The equations satisfied by the average drive and the average firing rate in this state are the same as in the “chaotic balanced state” studied in (van Vreeswijk and Sompolinsky 1996b, van Vreeswijk and Sompolinsky 1998). However, at variance with the chaotic balanced state, the neurons fire periodically in the asynchronous balanced state we consider here. This is because the network is fully connected in the present study (see also (Golomb and Hansel 1998).

The robustness, R_I , of an inhibitory WB network in the balanced state is shown on Figures 11 A and B as a function of the scaling parameter K for two values of the average frequency in the large K limit, f = 50 Hz (A) and f = 200 Hz (B). In both cases, a much larger robustness than at weak coupling can be achieved by sufficiently increasing K. This is because, in spite of the averaging effect of the high firing rate, the synaptic current remains strongly modulated as the coupling strength is large. One can even show analytically that, as the firing rate increases, the index of the mode that destabilizes the asynchronous state decreases and synchrony becomes more robust. The behavior of excitatory networks is different, as the firing rate can no longer be controlled when the coupling gets too large. This can be analytically proven for an homogeneous IF network (see Appendix D). As a consequence, there is a limiting value of the firing rate beyond which a purely excitatory network cannot exhibit synchrony. Therefore we are led in the strong coupling regime to the same conclusions as before: excitatory couplings give rise to more robust synchrony at low firing rates while only inhibition can synchronize networks at high rates.

4 Discussion

The present study has addressed the issue of synchrony in heterogeneous neural networks, either made up of only excitatory spiking neurons or made up of only inhibitory spikers. Previous works have stressed the role of inhibitory interactions, showing that mutually inhibiting neurons can synchronize (Wang and Buszàki 1996) even in the presence of mild heterogeneities (White et al. 1998). We have shown here, in contrast with the results of White et al. (White et al. 1998), that synchrony is also possible in heterogeneous inhibitory networks, when the spread in the firing rates of neurons is a substantial fraction of the average firing rate, a situation that is probably frequent in biological preparations. Synchrony is even possible at high firing rates provided that the average synaptic current is balanced by a constant external input of the same order of magnitude. In this way, the coupling strength can be strongly increased, and modulation of the synaptic current maintained, while suppression is avoided. This situation, which can be achieved without finely tuning the parameters, is different from the asymptotic regimes defined in (Chow et al. 1998), except at very low frequency where it corresponds to the fast regime. It is neither the phasic regime because the membrane time constant and the inhibition decay time are of the same order, nor the tonic regime because the oscillation period is not much higher than the inhibition decay time. By contrast balancing cannot control the firing rate in excitatory networks when the average firing rate gets too high. As a consequence, synchrony at high firing rate cannot be achieved in excitatory networks. Still, excitation is more efficient than inhibition at synchronizing neurons at sufficiently low firing rates. Note that this robustness of synchrony in excitatory networks relatively to the inhibitory situation, does not entail that excitatory networks can display synchrony at low firing rates in spite of a large spread of parameters. Indeed, near the bifurcation point, the firing rates of the neurons is strongly sensitive to intrinsic neuronal properties (e.g., the leak conductance) and to the value of the external drive.

We have reached the above conclusions by analyzing under which conditions the asynchronous state is unstable in large networks, and the system therefore settles in some synchronous state. This is in contrast with most previous theoretical works (see however (Abbott and van Vreeswijk 1993, van Vreeswijk 1996), that mainly focused on synchronous states in homogeneous networks, in particular on the fully synchronous state, and on what these states became when heterogeneities were introduced. More specifically, we have studied the destabilization of the asynchronous state to the benefit of some coherent state when network parameters are varied. To address this question, we have first used the weak coupling limit in which the stability of the asynchronous state and its dependence on synaptic parameters and on the average firing frequency can be analytically investigated. Thus, we could assess the robustness of synchrony, defined as the relative spread in the natural frequencies of neurons beyond which the incoherent state becomes stable, for excitatory and inhibitory networks. This procedure was performed for both the IF model, in which the inputs are passively integrated below the firing threshold, and the WB model, which incorporates voltage dependent sodium and potassium currents. We reached the same qualitative conclusions for both models. At sufficiently low frequency, synchrony can be achieved in both excitatory and inhibitory networks but is more robust in the excitatory case. At high frequency, only inhibition can lead to synchrony, providing that the degree of heterogeneity is sufficiently small. The critical frequency at which excitatory couplings can no longer synchronize neural activity depends on the synaptic time constants and on the neuron model.

Quantitatively, the IF model behaves nonetheless differently from the WB model in several important aspects. First, for excitatory couplings and given synaptic time constants, the critical frequency is larger, by one order of magnitude, in IF networks. Second, the robustness of synchrony is one order of magnitude smaller in inhibitory IF networks than in inhibitory WB networks. Third, the robustness of synchrony diverges as the average firing rate goes to zero in IF networks while it decreases in WB networks. Many conductance based models start to fire at vanishingly low frequency at the current threshold, like the WB model. All such models that we have studied so far behave qualitatively like the WB model, but the value of the critical frequency may strongly change with the model. The atypical behavior of the IF model stresses the importance of active properties for the emergence of synchrony in networks. A similar conclusion was reached by Golomb and Hansel in a study of synchrony in sparsely connected neuronal networks (Golomb and Hansel 1998).

The small robustness of synchrony at low firing rates in inhibitory WB networks is due to the fact that the order of the Fourier mode responsible for the linear instability of the asynchronous state increases with decreasing firing rate. Robustness then decreases with the amplitude of the corresponding component in the Fourier spectrum of the interaction function. In addition, for the WB model (and more generally for neurons with similar frequency-current relations), all non constant Fourier components of the response function vanish with the firing rate (Ermentrout 1996). On the other hand, the modulation of the synaptic current becomes too small at high frequency to efficiently entrain neurons and robustness becomes low. Between these two regimes, an optimal value of the average firing rate can be found where robustness is maximal. Similarly, for a given firing frequency, synaptic time constants can be found that maximize the robustness of synchrony in inhibitory networks. Note, however, that robustness is not determined by the sole ratios f̄τ_1 and f̄τ_2 (see Figures 4 and 5.)

Using numerical simulations of large networks we have shown that the picture that emerges from the weak coupling limit remains valid in a finite range of coupling strength. Moreover, for a given external drive the robustness linearly increases with the coupling strength in this range. However, when the coupling strength becomes too large, robustness again decreases in both excitatory and inhibitory networks, albeit for different reasons. In excitatory networks, the firing rate dramatically increases with the coupling due to recurrent excitation between neurons and the synaptic current is no longer modulated in time. By contrast, the firing rate decreases with increasing coupling strength in inhibitory networks, which favors cluster states. The higher the order of these cluster states, the more easily they are destabilized and replaced by the asynchronous state when heterogeneities are introduced. These desynchronizing effects can be prevented by introducing an additional current proportional to the coupling and of opposite sign. When both the synaptic interactions and the external drive are strong the synaptic current on neurons automatically adjust: so that their firing rate remains nearly constant when the coupling strength is varied. This leads to robust synchrony in inhibitory networks, even at high firing rate. By contrast, it is unable to control the firing frequency in excitatory networks beyond some limiting value of the coupling strength, due to an instability arising from recurrent excitation (see Appendix C).

The behavior of the networks in the regime where both synaptic currents and external drive are strong still depends on the coupling strength. For instance, the frequency at which the maximum robustness is achieved in the inhibitory case shifts to higher frequencies when the scaling factor, K, increases. For example, for synaptic times τ_1 = 3 ms, τ_1 = 1 ms, the maximum robustness for the WB model is observed around 40 Hz for K = 16, and around 60 Hz for K = 32 (for a reference value of the coupling constant, J, always set to unity). Moreover, the transients become shorter with increasing K. For a WB network, firing at 50 Hz, around one hundred cycles are required to reach the asymptotic state when K = 1, whereas only four or five are required when K = 32 .

In conclusion, we have brought to light a strong coupling regime where the robustness of synchrony is strongly enhanced. In particular we have shown that significant synchrony could then be achieved in heterogeneous inhibitory networks, even at high firing rate, thanks to the balancing mechanism that occurs when the external drive also is strong and scales as the coupling strength. However, the physiological relevance of this regime remains to be established. The values of the coupling strength we use in our numerical studies of fully connected networks correspond to relevant values of the coupling strength in a network with more realistic connectivity. Consider, for instance, a network of WB neurons, where each neuron is contacted by K = 100 − 1000 other neurons firing incoherently with an average frequency of f Hz. Assuming that each synapse evokes post-synaptic potentials of the order of 0.2 mV . This corresponds, in the WB model, to synaptic strength between two neurons on the order of g_s = 0.4nC/cm^2. In a state in which the neurons fire incoherently with an average frequency f Hz the total synaptic input received by any neuron is the order of K × g_s × f. To obtain a total synaptic input in the fully connected WB networks we have investigated, we must set the coupling parameter g such that: g ∼ Kg_s ∼ 40 − 400 nC/cm^2. This range of coupling corresponds to the strong coupling regime we have studied in this paper. Note, however, that if K is too small compared to the total number of neurons in the in the system, the stability of the asynchronous state can be significantly affected by the sparseness of the connectivity pattern (see (Golomb and Hansel 1998) for a discussion of this issue). In that case, asynchronous state can be stable even in the strong coupling regime we have studied (Golomb and Hansel 1998). Finally, we also stress that our work did not cover more realistic situations where two populations, one excitatory and the other inhibitory, interact. Our preliminary results (not shown here) on heterogeneous two populations systems show that the loop between excitatory and inhibitory neurons can lead to an astonishingly high robustness of synchrony.

A The Wang-Buzsáki model

Parameters of the Wang-Buzsáki model are as follows. The capacitance C is equal to 1 μF/cm^2. The leak current is given by I_ℓ = g_ℓ(V_ℓ − V ) where g_ℓ = 0.1 mS/cm^2 and V_ℓ = −65 mV . The transient sodium current is given by I_{Na} = g_{Na}m_∞^3h(V_{Na} − V ) where g_{Na} = 35 mS/cm^2 and V_{Na} = 55 mV . The activation variable m instantaneously adjusts to its steady-state value m_∞ = α_m/(α_m + β_m) where α_m(V ) = −0.1(V + 35)/(exp(−0.1(V + 35)) − 1) and β_m(V ) = 4 exp(−(V +60)/18). The inactivation variable h evolves according to^{dh}_{dt} = α_h(1−h)−β_hh where α_h(V ) = 0.35 exp(−(V + 58)/20), β_h(V ) = 5/(exp(−0.1(V + 28)) + 1). The delayed rectifier current is given by I_K = g_K n^4(V_K − V ) where g_K = 9 mS/cm^2, V_K = −90 mV . The activation variable n evolves according to^{dn}_{dt} = α_n(1−n)−β_nn with α_n(V ) = −0.05(V +34)/(exp(−0.1(V + 34)) − 1) and β_n(V ) = 0.625exp(−(V + 44)/80).

B Instability of the asynchronous state in heterogeneous networks of phase oscillators

We consider a population of neurons in which the intrinsic frequencies are distributed according to h(ω). The phases of the neurons evolve according to

ϕ̇_i = ω_i + g N N∑ j=1 Γ(ϕ_i − ϕ_j) (B.1)

The evolution of the one phase probability density, ρ(ϕ, t, ω), is then given by the continuity equation: ∂ρ ∂t + ∂ ∂ϕ (ρv) = 0 (B.2)

where v = ω + g +∞∑ n=0 r_n sin(n(ϕ − ψ_n)) + s_n cos(n(ϕ − ψ_n)) (B.3)

and the coefficients r_n, s_n, and ψ_n can be expressed in terms of the Fourier coefficients, a_n and b_n, of the interaction function, r_ne^{inψn} = a_n ∫_{2π} 0 ∫_{+∞} −∞ ρ(ϕ, t, ω)h(ω)e^{inϕ}dωdϕ (B.4) s_ne^{inψn} = b_n ∫_{2π} 0 ∫_{+∞} −∞ ρ(ϕ, t, ω)h(ω)e^{inϕ}dωdϕ (B.5) To analyze the linear stability of the incoherent state, ρ_0(ϕ, t, ω) =^1_{2π} , we write ρ(ϕ, t, ω) as ρ(ϕ, t, ω) = ρ_0(ϕ, t, ω) + ϵη(ϕ, t, ω) (B.6) where η(ϕ, t, ω) = n=+∞∑

n=−∞ c_n(t, ω)e^{inϕ} (B.7) and linearize the continuity equation around ρ_0. Thus, we get ∂c_n ∂t = −{i(ω + gb_0)n}c_n − g na_n 2 ∫_{+∞} −∞ h(ω)c_n(t, ω)dω + g nb_ni 2 ∫_{+∞} −∞ h(ω)c_n(t, ω)dω (B.8) We then seek for eigenvectors of the form

c_n(t, ω) = d_n(ω)e^{λnt} (B.9)

where λ_n = μ_n + inΩ_n. Equation (B.8) then leads to

1 = g n 2 (−a_n + ib_n) ∫_{+∞} −∞ h(ω) λ_n + i(ω + gb_0)n dω (B.10)

This equation determines the eigenvalues λ_n for n ≥ 1. Separating the real and imaginary parts of equation (B.10) we then obtain two equations that determine the bifurcation point and the value of Ω_n ∫_{+∞} −∞ h(ω) μ_n μ^2_n + n^2(ω + gb_0 + Ω_n)^2 dω = − 2 gn a_n a_n^2 + b_n^2

(B.11) ∫_{+∞} −∞ h(ω) n(ω + gb_0 + Ω_n) μ^2_n + n^2(ω + gb_0 + Ω_n)^2 dω = 2 gn b_n a_n^2 + b_n^2

(B.12)

When the stability of the mode n changes, the associated eigenvalue is purely imaginary: λ_n = inΩ_n. Taking the corresponding limit, μ_n → 0 in Eqs. ( B.11,B.12) we get:

h(−gb_0 − Ω_n) = − 2 πg a_n a_n^2 + b_n^2

(B.13)

lim_{ϵ→0} ∫_∞ ϵ h(ω − gb_0 − Ω_n) − h(−ω − gb_0 − Ω_n) ω dω = 2 g b_n a_n^2 + b_n^2

(B.14)

In a case of a Gaussian distribution of frequencies h(ω) = 1 √ 2πσ^2 exp(−

(ω − ω̄)^2

2σ^2

) (B.15)

equationsB.13) and (B.14) lead to √ 2 π ∫ Ωn+gb0+ω̄_σ 0 exp(− x^2 2 )dx = − b_n a_n (B.16)

σ_c = −g √ π 8 a_n^2 + b_n^2 a_n exp(−

(Ω_n + gb_0 + ω̄)^2 2σ_c^2

) (B.17)

where σ_c is the critical value of the disorder at which the mode n becomes unstable.

For a Lorentzian distribution, h(ω) = σ π 1 σ^2 + (ω − ω̄)^2

(B.18)

equations Eq.(B.13, B.14) take the simpler form: σ σ^2 + (Ω_n + gb_0)^2 = − 2 g a_n a^2_n + b^2_n

(B.19)

Ω_n + gb_0 σ^2 + (Ω_n + gb_0)^2 = 2 g b_n a^2_n + b^2_n

(B.20)

(B.21)

Therefore: σ_c = −g a_n 2 (B.22)

Ω_n + gb_0 = ± b_n 2 (B.23)

Note that in that case, the critical level of disorder, σ_c, depends on the sole Fourier coefficient, a_n.

C Lorentzian distribution of intrinsic frequencies

In this appendix we calculate the robustness at low frequency or for fast synaptic interactions for excitatory or inhibitory IF networks and a Lorentzian distribution of heterogeneities.

Let us investigate first the robustness in the low frequency limit. We write the the Fourier expansion of the response function as: Z(ϕ) = +∞∑ n=0 A_n sin(nϕ) + B_n cos(nϕ) (C.1)

A straightforward calculation using Eq. (2.4,2.11) shows that the Fourier coefficients of the phase interaction are given by:

a_n =

A_n(1 − n^2ω^2τ_1τ_2) − B_nnω(τ_1 + τ_2) (1 + n^2ω^2τ^2_1 )(1 + n^2ω^2τ^2_2 )

(C.2)

b_n =

A_nnω(τ_1 + τ_2) + B_n(1 − n^2ω^2τ_1τ_2) (1 + n^2ω^2τ^2_1 )(1 + n^2ω^2τ^2_2 )

(C.3)

For the IF model, the coefficents A_n and B_n are

B_n = ω^2τ 2πI 1 1 + (nωτ)^2 ( e^{2π/ωτ} − 1 ) (C.4) A_n = −nωτB_n (C.5)

Using equation (??) the Fourier coefficient a_n of Γ can be written under the form a_n = K(nω, τ, τ_1, τ_2)L(ω, τ) where,

K(x, τ, τ_1, τ_2) = x^3(ττ_1τ_2) − x(τ + τ_1 + τ_2) (1 + x^2τ^2_1 ) (1 + x^2τ^2_2 ) (1 + x^2τ^2)

(C.6) and L(ω, τ) = ω^2τ 2πI ( e^{2π/ωτ} − 1 ) (C.7)

The function K(x) reaches its (negative) minimum, K_{min}, at x = x_{min}, and its (positive) maximum, K_{max}, at x = x_{max}, while L keeps a constant sign.

For a Lorentzian distribution of angular frequencies, the critical level of disorder depends only on a_n, see Eq.(B.23). For excitatory coupling (g > 0) the first mode, n_c, that destabilizes the asynchronous state is then given by the best integer approximation of −x_{min}/ω̄. Indeed, K is then closest to K_{min} and a_n takes its most negative value there. When the average frequency goes to zero, K(n_cω̄, τ, τ_1, τ_2) goes to K_{min} and the instability condition becomes σ_c = −gK_{min}L(ω̄τ)/2. The quantity L(ω̄τ) diverges in this limit and so does the critical disorder, σ_c. By contrast, for inhibitory coupling (g < 0) the critical mode, n_c, is given by the best integer approximation of x_{max}/ω̄. The critical value of the disorder, σ_c, then diverges at low firing rate as gK_{max}L(ω̄τ)/2. In both cases, excitatory and inhibitory, the critical mode, n_c, goes to infinity at low frequency as 1/ω̄. This stems from the fact that, in that limit, the membrane potential of an IF neuron remains exponentially close to the threshold over a large part of the period so that small depolarizations can induce large changes in the phase of the neuron. This is a particular feature of IF neurons, which passively integrate their inputs over the whole subthreshold potential range.

To investigate the limit of fast synaptic interactions, we proceed in a similar way. For simplicity, we assume that τ_1 = τ_2 ≡ τ_{syn} The Fourier coefficient a_n can then be written as a_n = K(nω, τ, τ_{syn})L(ω, τ) where, K(x, τ, τ_{syn}) = x^3ττ^2_{syn} − x (τ + 2τ_{syn}) (1 + x^2τ^2) ( 1 + x^2τ^2_{syn}

)_2 (C.8)

When τ_{syn} is much smaller than τ, K can be rewritten as K_1(xτ)K_2(xτ_{syn}) where

K_1(y) = y 1 + y^2

(C.9)

K_2(y) = y^2 − 1 (1 + y^2)^2

(C.10)

Consequently, the critical mode, n_c, that destabilizes the incoherent state, satisfies n_cωτ ∼ 1 in the excitatory case. It keeps a constant value, independent of τ_{syn}, when τ_{syn} goes to 0. On the contrary, the critical mode is larger than 1/(ωτ_{syn}) for fast inhibitory interactions, so that it diverges when τ_{syn} goes to 0. As a result, R_E/R_I then scales like^τ_{τsyn} for fixed firing rate f̄.

D Stability of the asynchronous state in IF networks

The stability of the asynchronous state of a fully connected homogeneous (δ_i = 0) IF network was studied by van Vreeswijk and Abbott (Abbott and van Vreeswijk 1993). They showed that the eigenvalues, λ, that determine the linear stability of the asynchronous state are the solutions of the equation

f_0 ( e^{λ/f0} − 1 ) (λ + α_1)(λ + α_2) = λα_1α_2

∫_1 0 dyF (y)e^{λy/f0} (D.1) where f_0 is the firing rate of neurons in units of 1/τ, α_1 = τ/τ_1, α_2 = τ/τ_2 and

F (y) = gf_0 gf_0 + I exp^{y/f0} . (D.2)

In the balanced state (see section 3.4) any neuron in the network is submitted to the external drive KI_0 and to the synaptic drive −KJf_0, so that it receives the total current K(I_0 − Jf_0). The interaction function then reads,

F (y) = f_0J I_0 − f_0J e^{y/f0} (D.3)

Integrating over one period the evolution equation of any neuron of the network, one also derives the equation 1 K (I_0 − Jf_0)

= 1 − e^{−1/f0} (D.4)

that enables us to express I_0 as a function of f_0. The eigenvalue equation can then be rewritten as, ( e^{λ/f0} − 1 ) (λ + α_1)(λ + α_2) = −α_1α_2f_0KJ λ λ + 1 ( 1 − e^{−1/f0} ) ( e^{(λ+1)/f0} − 1 ) (D.5)

Let us investigate the high frequency limit f_0 ≫ 1. Considering the complex part of the spectrum and looking for solutions of equation (D.5) of the form

λ_n = 2πinf_0 + η_n (D.6)

where η_n ≪ f_0, one obtains

η_n = 1 4π^2 n^2f^2_0 α_1α_2KJ − 1

(D.7)

The ansatz (D.6) is valid when K = af^2_0 , with a ≠ 4π^2n^2/α_1α_2J. Then the bounded quantity η_n is just the real part of the n-th eigenvalue and determines the linear stability of the asynchronous state with respect to the Fourier mode of order n.

For inhibitory interactions (K > 0) η_n is positive for modes of order, n, larger than,

n_c = √ α_1α_2aJ 2π (D.8)

while low order Fourier modes are stable. Accordingly, the homogeneous network settles in cluster states. Let us also note that the coupling strength at which the mode n becomes stable scales as n^2, so that it is difficult to stabilize high order Fourier modes by increasing the coupling. Higher order cluster states are easily destabilized in favor of the asynchronous state, when the disorder is increased. This is why the robustness of synchrony, R_I , in heterogeneous inhibitory networks may be small, although the asynchronous state is never stable in homogeneous networks.

The behavior of excitatory networks (K < 0) is quite different. Indeed, it is not possible to increase the coupling strength to compensate the decrease in the modulation of the synaptic current, that occurs at high frequency. If we consider the real part of the spectrum, the eigenvalues satisfy

λ^2 + δ (α_1 + α_2) + α_1α_2 (1 + KJ) = 0 (D.9) in the high frequency limit. When the actual coupling strength, KJ, becomes smaller than −1, the larger real eigenvalue becomes positive, and an instability develops. Balancing is then impossible as the inhibitory external drive cannot oppose recurrent excitation. For this reason, excitatory interactions cannot synchronize neuronal systems at high firing rates.

Acknowledgments G. M. was partially supported by grant PICT97 03-00000-00131 from AN- PCyT and by Fundación Antorchas. We thank D. Golomb and C. Van Vreeswijk for fruitful discussion.

Abbott L.F. and Van Vreeswijk C. (1993). Asynchronous states in networks of pulsed-coupled oscillators. Phys. Rev. E 48, 1483-1490.

Buzsáki G., Chrobak J.J. (1995). Temporal structure in spatially organized neuronal ensembles: a role for interneuronal networks, Curr. Opin. Neurobiol. 5, 504-510.

Chow C.C., White J.A., Ritt J. and Kopell N. (1998). Frequency control in synchronized networks of inhibitory neurons, J. Comp. Neuro., 5, 407-420.

Chow, C.C. (1998). Phase-locking in weakly heterogeneous neuronal networks. Physica D 118, 343-370.

Cobb S.R., Buhl E.H., Halasy K., Paulsen O., Somogyi P. (1995). Synchronization of neuronal activity in hippocampus by individual GABAergic interneurons, Nature 378, 75-78. Draguhn A., Traub R.D., Schmitz D., Jefferys J.G. (1998). Electrical coupling underlies highfrequency oscillations in the hippocampus in vitro, Nature 394, 189-192.

Eckhorn R. et al (1988). Coherent oscillations: a mechanism of feature linking in the visual cortex? Multiple electrode and correlation analyses in the cat, Biol. Cybern. 60, 121-130. Ermentrout B. (1996). Type I membranes, phase resetting curves, and synchrony, Neural Comp. 8, 979-1001.

Ginzburg I. and Sompolinsky H. (1994). Theory of correlations in stochastic neural networks, Phys. Rev. E 50, 3171-3191.

Gerstner W., Van Hemmen J.L., Cowan J.D. (1996). What matters in neuronal locking? Neural Comput. 8, 1653-1676.

Golomb, D., Hansel, D., Shraiman, B., Sompolinsky, H. (1992). Clustering in globally coupled phase oscillators. Physical Review A 45, 3516-3530.

Golomb D. and Rinzel J. (1993). Dynamics of globally coupled inhibitory neurons with heterogeneity, Phys. Rev. E 48, 4810-4814.

Golomb D. and Rinzel J. (1994). Clustering in globally coupled inhibitory neurons, Physica D 72, 259-282.

Golomb D. and Hansel D. (1999). The number of synaptic inputs and the synchrony of large sparse neuronal networks. Neural Computation, in press.

Gray C.M. (1994). Synchronous oscillations in neuronal systems, mechanisms and functions, J. Comp. Neuro. 1, 11-38.

Gray C.M. and Singer W. (1989). Stimulus-specific neuronal oscillations in orientation columns of cat visual cortex, Proc. Natl. Acad. Sci. USA 86, 1698-1702.

Gustafsson B. and Pinter M. (1984a). Relations among passive electrical properties of lumbar αmotoneurones of the cat, J. Physiol. 356, 401-434.

Gustafsson B. and Pinter M. (1984b). An investigation of threshold properties among cat spinal α-motoneurones, J. Physiol. 357, 453-483.

Hansel D. and Sompolinsky H. (1992). Synchronization and computation in a chaotic neural network, Phys. Rev. Lett. 68, 718-721.

Hansel D., Mato G. and Meunier C. (1993a). Phase dynamics for weakly coupled Hodgkin-Huxley neurons, Europhysics Letters 23: 367-372.

Hansel D., Mato G. and Meunier C. (1993b). Phase reduction and neural modeling, Concepts Neurosci. 4, 193-210.

Hansel D. and Mato G. (1993). Patterns of synchrony of a Hodgkin-Huxley neural network at weak coupling, Physica A 200, 662.

Hansel D., Mato G. and Meunier C. (1995). Synchrony in excitatory neural networks, Neural Comp. 7, 307-337.

Hansel D. and Sompolinsky H. (1996). Chaos and synchrony in a model of a hypercolumn in visual cortex, J. Comp. Neurosc. 3, 7-34.

Hansel D., Mato G., Neltner L. and Meunier C. (1998). On numerical simulations of integrate-and-fire neural networks, Neural Comp. 10, 467-484.

Kuramoto Y. (1984). Chemical Oscillations, Waves and Turbulence, Springer, New York. Laurent G. (1996). Dynamical representation of odors by oscillating and evolving neural assemblies, Trends Neurosci. 19, 489-496.

Reyes A.D. and Fetz E.E. (1993). Two modes of interspike interval shortening by brief transient depolarizations in cat neocortical neurons, J. Neurophysiol. 69, 1661-1672. Reyes A.D. and Fetz E.E. (1993). Effects of transient depolarizing potentials on the firing rate of cat neocortical neurons, J. Neurophysiol. 69, 1673-1683.

Ritz R. and Sejnowski T.J. (1997). Synchronous oscillatory activity in sensory systems: new vistas on mechanisms, Curr. Opin. Neurobiol. 7, 536-546.

Stopfer M., Bhagavan S., Smith B.H. and Laurent G. (1997). Impaired odour discrimination on desynchronization of odour-encoding neural assemblies, Nature 390, 70-74. Strogatz S.H. and Mirollo R.E. (1991). Stability of incoherence in a population of coupled oscillators, J. Stat. Phys. 63, 613-635.

van Vreeswijk C., Abbott L.F., Ermentrout G.B. (1994). When inhibition not excitation synchronizes neural firing, J. Comput. Neurosci. 1, 313-321.

van Vreeswijk C. (1996). Partial synchronization in populations of pulse-coupled oscillators, Phys. Rev. E 54, 5522-5537.

van Vreeswijk C. and Sompolinky H. (1996). Chaos in neuronal networks with balanced excitatory and inhibitory activity, Science 274, 1724-1726.

van Vreeswijk C. and Sompolinky H. (1998). Chaotic balanced state in a model of cortical circuits, Neural Comp. 10, 1321-1372.

Wang X.-J. and Buzsáki G. (1996). Gamma oscillations in a hippocampal interneuronal network model, J. Neurosci. 16, 6402-6413.

White J.A., Chow C.C., Ritt J., Soto-Treviño C. and Kopell N. (1998). Synchronization and oscillatory dynamics in heterogeneous, mutually inhibited neurons, J. Comp. Neuro. 5, 5-16. Whittington M.A., Traub R.D. and Jefferys J.G.R. (1995). Synchronized oscillations in interneuron networks driven by metabotropic glutamate receptor activation, Nature 373, 612-615.

Figure Captions

Figure 1. Probability density of the firing frequency f. Symmetrically truncated Gaussian distribution: σ = 0.3f̄ (full line) and σ = 0.5f̄ (dashed line). Symmetrically truncated Lorentzian distribution of half-width 0.5f̄ (dotted line).

Figure 2. Weakly coupled IF neurons: Robustness of synchrony, R vs. the average firing frequency f̄. Firing rates in the uncoupled network are spread according to a symmetrically truncated Gaussian distribution (see Methods). Results are displayed for three sets of synaptic time constants: τ_1 = 1 ms, τ_2 = 3 ms (full line); τ_1 = 1 ms, τ_2 = 7 ms (dashed line); τ_1 = 6 ms, τ_2 = 7 ms (dotted line). A: Excitatory network. B: Inhibitory network. Results obtained for a symmetrically truncated Lorentzian distribution are also plotted in the inhibitory case (τ_1 = 6 ms, τ_2 = 7 ms, empty squares).

Figure 3 Weakly coupled IF neurons: order of the critical mode vs. the average firing frequency f̄ in an excitatory network.A: Excitatory network. B: Inhibitory network. Same parameters and conventions as in figure 2.

Figure 4 Weakly coupled IF neurons: Relative robustness R_E /R_I vs. the average firing frequency f̄. Same parameters and conventions as in figure 2.

Figure 5 Weakly coupled IF neurons: Relative robustness R_E /R_I vs. the synaptic time τ_{syn} for a fixed averaged firing frequency f̄ = 20 Hz and an “alpha function” synaptic interaction.

Figure 6 Weakly coupled WB neurons: Robustness R of synchrony vs. the average firing frequency f̄. A: Excitatory network. B: Inhibitory network. Same parameters and conventions as in figure 2.

Figure 7 IF neurons; coherence χ as a function of the relative frequency spread σ/f̄ (Gaussian disorder) for excitatory interactions (filled squares) and inhibitory interactions (empty squares and full line)); τ_1 = 3 ms, τ_2 = 1 ms, g = 0.05nC/cm^2, f̄ = 80 Hz.

Figure 8 IF neurons. The robustness vs. the coupling strength g (in nC/cm^2). The average free firing rate is f̄ = 50 Hz. Filled squares: numerical simulations. Full line: results from phase model. AExcitatory interactions, τ_1 = 3 ms, τ_2 = 1 ms. B Inhibitory interactions τ_1 = 7 ms, τ_2 = 1 ms. Results are shown in that latter case for two initial conditions differing by the spread of the the initial voltage in the neuronal population equal. Filled square: spread of 50% of the subtreshold voltage range. Empty squares: 1% (empty squares) of the subtreshold voltage range.

Figure 9 WB neurons. Robustness of synchrony vs. the coupling strength, g (in nC/cm^2). τ_1 = 3 ms, τ_2 = 1 ms, and f̄ = 3 Hz. A Excitatory interactions. Only the increase of R_E with g is displayed; at higher values of g (outside the range of the figure) R_E actually decreases, as in figure 8A for IF neurons, and eventually vanishes. B Inhibitory interactions. R_I again increases at higher values of g like in Figure 8B (not shown). Same conventions as in Figure 8.

Figure 10 Robustness of synchrony vs. the coupling strength, g (in nC/cm^2), in a WB network for a constant average firing rate f̄ = 3 Hz in the coupled network. τ_1 = 3 ms, τ_2 = 1 ms. A: Excitatory interactions. Here again, as in Figure 8A, only with the increase of R_E with g is shown. B: Inhibitory interactions. Results are shown in that latter case for two initial conditions differing by the (uniform) spread of the initial voltage in the neuronal population. Filled squares: spread of ±10 mV . Empty squares: spread of ±0.1 mV . Same conventions as in Figure 8.

Figure 11 Inhibitory network of WB neurons. Robustness, R_I vs. the scaling factor K (see text). τ_1 = 7 ms, τ_2 = 1 ms, f̄ = 50 Hz (A) and 200 Hz (B). In both cases R_I saturates with increasing K, as is slighly visible in A. Same conventions as in Figure 8.