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Parametric autoresonant generation of dark solitons
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The autoresonant generation of dark solitons of the nonlinear Schrödinger (NLS) equation is discussed.
The approach is based on capturing the system into a continuing resonance using a small, chirped frequency
parametric driving. Adiabatic control of soliton parameters is achieved if the driving amplitude exceeds a
threshold.
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I. INTRODUCTION

The generation of dark solitons (DS) was first studied in
the context of nonlinear optics (see a review in Ref. [1]) and
continued attracting attention in the field [2–4]. Similar prob-
lems of DS generation were also investigated in applications
to Bose-Einstein condensates [5–8] and magnetic materials
[9–11].

Methods of generation of DS usually involve large per-
turbations of the system and do not allow formation of
pure solitons with predefined parameters and small remaining
perturbations. Typical examples involve phase and density
“engineering” [12,13] in Bose-Einstein condensates. In the
present work, we propose generation of nearly pure DS by a
small amplitude, chirped frequency driving, which allows us
to adiabatically control the amplitude of the excited soliton. A
similar approach was used previously in excitation of DS by a
quasiperiodic field [14] using the effect of autoresonance. The
autoresonance is a general phenomenon in nonlinear systems
which involves a continuous self-phase-locking of a system to
chirped frequency drives [15]. As the driving frequency varies
in time, the autoresonant system performs evolution in its
parameter space, frequently leading to excitation of nontrivial
large amplitude states. This phenomenon was studied in many
applications such as planetary dynamics [16], Josephson junc-
tions [17], magnetization dynamics [18], and more. In this
paper the DS will be generated by a parametric autoresonant
driving. A similar approach was applied in Ref. [19] in the
context of parametric mode conversion.

The presentation will be as follows. Section II will illus-
trate parametric autoresonant formation of DS in simulations.
Our theoretical analysis of the process will be outlined in
Sec. III using the approach developed in Ref. [19] based on
Whitham’s averaged variational principle [20].
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II. PARAMETRIC EXCITATION OF DARK SOLITONS
IN SIMULATIONS

We consider the parametrically driven nonlinear
Schrödinger (NLS) equation

iϕτ + ϕξξ − (2|ϕ|2 + ε cos ψ )ϕ = 0, (1)

where ε � 1 and ψ = κξ − ∫
ω dt are the amplitude and the

phase of the driving perturbation with constant wave number
κ and slowly varying frequency ω(τ ). If ε = 0, Eq. (1) has a
simple constant amplitude (homogeneous) solution

ϕ = U0 e−2iU 2
0 τ . (2)

A nontrivial solution of Eq. (1) is the well known dark soliton
[1] (see the Appendix for details). We shall use Eq. (2) as the
initial condition in studying resonant generation and control
of DS. In the following, we assume that the driving frequency
varies linearly in time, ω(t ) = ωr − ατ , and crosses the fre-
quency

ωr = κ

√
κ

2 + 4U 2
0 (3)

from above at τ = 0. This is the well known Bogoliubov
resonant frequency [21] for perturbation of the homogeneous
state by a small amplitude wave with wave number κ.

It was shown in [19] that after crossing the resonance the
evolution of the driven system may evolve in two different
ways. If the driving amplitude is small, the nonlinear shift of
the eigenfrequency results in the destruction of the resonance
and saturation of the excited wave amplitude at the level of
O(

√
ε) [22]. However, if the driving amplitude exceeds the

threshold [19]

εc = 0.82|α|3/4

U0(κ3/ω3
r + 3κ/ωr )1/2

, (4)

the phase of the excited solution locks to that of the drive and
the system remains in resonance for a long time, resulting
in excitation of a large amplitude wave. A similar threshold
phenomenon with scaling εc ∼ |α|3/4 is characteristic of all
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FIG. 1. The autoresonant evolution of the soliton amplitude u =
min ϕ(ξ )| (solid line) for U0 = 1, κ = 1, α = 0.0002, ε = 0.0024 >

εc = 0.0012. Inner panels show soliton shape |ϕ(ξ )| and phase
arg(ϕ(ξ )) at τ = 5695 and τ = 7593. The soliton amplitude after
switching off the drive at τ = 7594 is shown by the dashed line. The
horizontal red line shows saturation of excitation when ε = 0.00115
(just below the threshold).

autoresonant chirp-driven systems [15]. This nonlinear bifur-
cation at ε > εc to the continuing phase locking in the system
will be used in this paper for generation of DS.

The autoresonant phase-locking means [19]

	
 = arg(c1) − arg(c0) −
∫

ω dτ ≈ const, (5)

where c0,1 are two coefficients of the Fourier expansion of
the solution ϕ(ξ, τ ) = ∑

cn(t ) exp(inκξ ). Figures 1 and 2
show the process of generation of DS in the direct numerical
solution of Eq. (1) in the periodic interval [0, 2π/κ]. We start
initially from the homogeneous solution (2) and drive the sys-
tem with the amplitude above the threshold value ε > εc (the
numerical values of all the parameters in these simulations are
given in the figure caption). The horizontal red line in Fig. 1
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FIG. 2. The phase-locking of the dark soliton with the drive

for the same parameters as in Fig. 1. The figure shows the phase
difference 	
(τ ) [see Eq. (5)].
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FIG. 3. The threshold on the driving amplitude ε vs the driving

frequency chirp rate α. The solid lines show the numerical results for
U0 = 1 (line 1) and U0 = 4 (line 2) for κ = 1. The dotted lines are
the theoretical thresholds [Eq. (4)].

illustrates saturation of excitation just below the threshold
(ε = 0.96εc).

We define the amplitude of the excited “dark” wave as u =
min |ϕ(x)|. At the initial stage, the amplitude of the uniform
solution is weakly perturbed (see Fig. 1), but after crossing
the resonance at τ = 0, it decreases rapidly. At this stage,
the autoresonant phase locking in the system is observed as
illustrated in Fig. 2. With the decrease of the amplitude u, the
evolution yields a DS, which is seen in the left inner panel of
Fig. 1, where the soliton shape |ϕ(ξ )| and phase arg[ϕ(ξ )] are
shown. At τ ≈ 6200 the soliton has amplitude close to zero.
Later the amplitude increases, while the soliton changes its
phase structure as is seen in the right internal panel of Fig. 1
at τ = 7593. Finally, the amplitude increases approaching the
initial homogeneous value and the phase-locking is destroyed.
We have also found that, if the driving perturbation is switched
off at any time of the process, the solution conserves its shape
and phase structure, demonstrating the stability of the excited
solution. This result is illustrated in Fig. 1 by the dotted line
after switching off the drive at τ = 7594. Thus, our approach
allows one to generate free DS with arbitrary amplitudes.

Figure 3 shows the comparison of the numerically found
threshold of autoresonance with the theoretical formula (4). It
demonstrates a very good agreement in a smaller amplitude
limit.

Our simulation also showed that far from the soliton core
the excited solution has the simple asymptotic form ϕ →
U exp{iKξ}. We have calculated the time evolution of K (τ )
in the process of DS generation, and show this evolution
in Fig. 4. In the initial stage, (2) is a uniform wave with
K = 0. In the intermediate stage, when the DS with u ≈ 0 is
formed, the wave number K approaches κ/2 and in the final
stage of excitation the wave regains the same initial constant
amplitude |ϕ| ≈ U0, but with a different wave number K ≈ κ.
This process was described in Ref. [19] as mode conversion
of the flat wave from one wave number to another, and no
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FIG. 4. The autoresonant dark soliton wave number K (t ) in the

soliton tail (full line) for parameters of Fig. 1. The theoretical predic-
tion [see Eq. (13) in the next section] is shown by open circles.

conversion was observed if ε < εc Now we have seen that
above the threshold this transformation occurs via excitation
of the dark solitons in the process of evolution.

Finally, we have compared the velocity of the numerically
excited solutions with the theoretical velocity of dark solitons
[see Eq. (A4) in the Appendix] and show this comparison
in Fig. 5. We observe good agreement except at the initial
and final transient stages. On the other hand, the linearly
decreasing soliton velocity coincides with the phase velocity
of driving wave vp = ω(τ )/κ, yielding another illustration of
autoresonant phase synchronization between the soliton and
the driving perturbation. A variational theory explaining all
these numerical results on parametric autoresonance in the
NLS system will be discussed next.

 

 

 

 

 0  4000  8000  12000

0

1

2

V

�
FIG. 5. The velocity V (τ ) of the autoresonant soliton for param-

eters of Fig. 1 in numerical simulations (solid line) and from Eq. (A4)
in the Appendix (dotted line)
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FIG. 6. The effective potential Veff versus U .

III. VARIATIONAL ANALYSIS OF PARAMETRICALLY
DRIVEN CHIRPED DARK SOLITONS

The theoretical approach developed in [19] is based on
Whitham’s variational principle [20] and allows a full descrip-
tion of parametric autoresonant excitation of NLS solutions.
This theory describes two timescale solutions of Eq. (1)
of the form ϕ(ξ, τ ) = Ueiθ , with U = U (�, τ ) and θ =
− ∫

�0(τ )dτ + V (�, τ ), where � = κξ − ∫
�(τ )dτ is the

fast variable, while � and �0 are slow parameters. Remark-
ably, to a good approximation, the NLS solution can be
viewed as a slowly evolving state in the undriven problem by
making a single assumption that the slowly varying driving
frequency ω(τ ) of the parametric drive and �(τ ) are con-
tinuously locked after passage through the linear resonance
in the problem. The same theory also showed that this au-
toresonant phase locking is stable if the driving amplitude
exceeds threshold (4), while the exact driven NLS solution
preforms small oscillations around the above mentioned un-
driven quasisteady state. In contrast to Ref. [19] focused on
studying the process of complete autoresonant mode conver-
sion from a uniform NLS solution into a traveling wave, in
this section we neglect the driving and use the assumption
ω(τ ) = �(τ ) to find the autoresonant dark soliton parameters
and soliton shape. The autoresonant quasisteady state dynam-
ics is described by the spatial evolution of a quasiparticle in
an effective potential [19], i.e.,

Uξξ = −∂Veff/∂U, (6)

where

Veff = B2

2U 2
+ R

2
U 2 − 1

2
U 4 (7)

and B2 and R = �0 + 1
4 (�/κ)2 are slow time dependent

parameters. This potential is illustrated in Fig. 6, where the
horizontal line shows the energy E (τ ) of the quasiparticle
at some time. It was also shown in Ref. [19] that assuming
� = ω(τ ) the remaining three slow parameters in the prob-
lem, B, R, and E can be found numerically at each time by
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FIG. 7. Maxima and minima of the autoresonant NLS solution
versus time for parameters of Fig. 1.

solving three algebraic equations

∂J

∂A
= 1

κ

, (8)

∂J

∂B
= �

2κ
2
, (9)

∂J

∂R
= −U 2

0

2κ

(10)

involving the action integral

J (A, B, R) = 1

2π

∮ √
2[E − Veff (B, R,U )]dU (11)

of the quasiparticle with integration over a closed trajectory
at a given energy E . Note that Eq. (8) states that the spatial
period of oscillations of U in the quasipotential should be
that of the driving field, 2π/κ. When all the slow parameters
are known, the solution of U (ξ ) at each time is given by
integration:∫ U

Umin

dU ′
√

2[E − Veff (B, R,U )]
= ξ − ξmin; (12)

see Fig. 1 for the definition of ξmin and Umin. The case of κ →
0, i.e., when E equals the local maximum of Veff , corresponds
to the soliton solution (see Appendix), and when κ is suffi-
ciently small we are close to the soliton solution. This is the
case of the numerical simulations in Sec. II for U0 = 1, κ = 1,
α = 0.0002 as we demonstrate below. We have solved the
quasisteady state problem in this example as describe above
and show the maxima and minima of U versus time in Fig. 7.
Let us assume that κ = 1 is sufficiently small and this solution
can be approximated by the soliton solution [see Eqs. (A2)–
(A4) in the Appendix] We have found in the simulations
described in Sec. II that in the driven problem the condition
v ≈ ω(τ )/κ is consistent with the autoresonant phase-locking
assumption. Under this condition [see Eq. (A4)]

K = Umin + ω(τ )

2κ

. (13)

At this stage, we identify Umin and Umax in the soliton for-
mulas (A2)–(A4) with those in Fig. 7 and show the resulting
K versus time by open circles in Fig. 4, showing a good
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FIG. 8. The shapes of the autoresonant solutions in Fig. 7 from
the variational theory at three different times τ = 870, 1930, 4950 of
evolution (solid lines) and the corresponding shapes from the dark
soliton formula (A2) (dotted lines).

agreement with simulations (full line in Fig. 4) except near
the linear resonance points. We have also calculated the spatial
form of U at three times τ = 870, 1930, 4950 using Eq. (12)
and compared these results with the soliton solution (A2) in
Fig. 8. The agreement is excellent, showing that κ = 1 in
this example can be viewed as small. However, when the
calculation is repeated for κ = 2 (see Fig. 9), larger deviations
form the pure soliton solution at the tails can be observed.

IV. CONCLUSIONS

This study demonstrates that the parametric autoresonance
in the driven NLS equation comprises a promising approach
to generate nearly pure DS in condensed matter. In autores-
onance, a persistent stable phase-locking of the soliton to a
chirped frequency wavelike drive is established. The effect
takes place when the driving amplitude exceeds the threshold
value [Eq. (4)] scaling with the driving frequency chirp rate
as α3/4 after the frequency passes the Bogoliubov resonance.
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FIG. 9. The shapes of the autoresonant solutions from the
variational theory at three different times τ = 870, 1930, 4950 of
evolution (solid lines) and the corresponding shapes from the dark
soliton formula (A2) (dotted lines). The parameters are the same as
in Fig. 8, but κ = 2 instead of κ = 1.
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Slow variation of driving frequency allows to adiabatically
control the amplitude and velocity of the excited DS for a long
time. If the driving perturbation is switched off at some time
during the autoresonant evolution, we are left with a stable
free DS. Thus, the method provides management of large
amplitude solitons by a small amplitude driving. We applied
the Whitham’s averaged variational approach in studying au-
toresonant NLS solutions [19] to show that the parametrically
driven autoresonant DS solutions can be fully described via
the motion of a quasiparticle in an effective potential. Fur-
thermore, a single assumption of a continuous resonance in
the driven system allows one to calculate the parameters and
shape of the excited solution by solving a set of three algebraic
equations, (8)–(10), involving the action integral of the oscil-
lating quasiparticle. We showed an excellent agreement of this
theory with simulations and that in the case of sufficiently
small wave number of the driving wave the autoresonant
solution assumes nearly pure DS shape. In addition to the
soliton, the NLS equation has other solutions. For example,
multiphase waves comprise a class of such solutions [23]
and are represented by nonlinear functions ϕ = ϕ(θ1, θ2, . . . )
of several phase variables θi = kiξ − ωiτ . These waves were
autoresonantly excited previously via a direct driving [24],
and studying a similar process using parametric driving is an
interesting goal for the future. Finally, we also expect applica-
bility of the autoresonant approach to other generalized NLS
(GNLS) equations provided the existence of resonances in the
system and sufficiently small dissipation. The open problem
in this case would be the existence of the threshold [similar to
Eq. (4)], which will depend on the structure of the GNLS.
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APPENDIX: DARK SOLITONS

We rewrite the DS solution [1] in the form including the
soliton phase,

ϕs(x, t ) = Use
i(�+�N ), (A1)

where the soliton shape and velocity are

Us = Umax

√
1 − a2

cosh2[aUmax(ξ − vτ )]
(A2)

with Umax and Umin being the maximum and minimum values
of the solution, while parameter a (0 < a < 1) is

a =
√

1 −
(

Umin

Umax

)2

. (A3)

The soliton velocity is

v = 2(K − Umin), (A4)

and its phase includes

� = −(
K2 + 2U 2

max

)
τ + Kξ, (A5)

�N = − tan−1{μ tanh[aUmax(ξ − vτ )]}. (A6)

where μ = σa /
√

1 − a2 and parameter σ ± 1 defines the
sign of the nonlinear shift of soliton phase �N (−∞) −
�N (+∞). The soliton velocity is

v = 2(K − σUmin). (A7)

The soliton is located at the point x0 = vτ , where its shape
is at its minimum value Umin and as ξ → ±∞ the shape
of approaches its maximum value Umax. The case of a → 1
corresponds to the “pure” DS with the amplitude equal to zero,
in contrast to a “gray” soliton with a < 1 and the amplitude
greater than zero.
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